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1 The Long-channel MOSFET Model

1.1 Introduction

With the stringent requirements on energy consumption of electronic devices, the Internet of Things
(IoT) has become the primary driver for the design of low-power analog and RF circuits [1]. The
implementation of increasingly complex functions under highly constrained power and area budgets,
while circumventing the challenges posed by modern device technologies, makes the analog/RF design
exercise ever more challenging. The designer often needs to make optimum choices to achieve the
required gain, current efficiency, bandwidth, linearity and noise performance [2], [3]. To this purpose,
he often starts his new design using simple transistor models to explore the design space and identify
the region offering the best trade-off, before fine tuning his design by running more accurate simulations
using the full fetched compact model available in the design kit [4], [5]. This task has been made more
difficult in advanced CMOS technologies due to the down-scaling of CMOS processes and the reduction
of the supply voltage, which has progressively pushed the operating point from the traditional strong
inversion (SI) region towards moderate (MI) and even weak inversion (WI), where the simple quadratic
model is obviously no more valid [6], [7], [8], [9]. This has led to an increasing interest in the EKV
MOSFET model and the concept of inversion coefficient as the main design parameter replacing the
overdrive voltage even for advanced technologies [10], [11].

1.1.1 Compact Models

The models of the MOS transistor that are available in circuit simulators like Spectre and ELDO are
called compact models (CMs). El-Mansy and Boothroyd proposed the following definition of compact
models [12], [13]:

compact models need to characterize the device accurately over a wide range of operating
conditions, in a manner acceptable to the circuit designer, and with the capability of efficient
computer implementation of the model. In order to achieve these objectives, he commonly
employs a combination of device physics, approximation techniques, and insight in regard
to the route to his goal which is likely to be the most successful. In the interests of the
best representation of first-order physical behavior of the device in the working context, he
is prepared to sacrifice accuracy of representation of what he judges to be second-order
effects*. CMs usually correspond to a set of equations which describe the operation of the
device in various mode of operation. They are customized for a given technology by a set
of parameters that is called parameter deck which is part of the physical design kit (PDK)
provided by foundries. In this sense CMs also represent the link between the technology
and the circuit designers.

In the early days, CMs only needed less than ten parameters. With the developments of advanced
technologies these CMs have now become more and more complex requiring many parameters (a few
hundred parameters). These models are used in circuit simulators for verification to check whether
the circuit achieves the required specifications, but they have become too complex to be easily used
for the early pre-simulation phase. This is why it is useful to have a simpler model that captures the
main features of the technology and guides the designer for choosing the right operating point for each
transistor. The latter operating point is defined by the dc bias current and the width and length of
each transistor.
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1.1.2 Design Trade-offs
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Figure 1.1: Design trade-offs and the Razavi octahedron [14].

The design of analog circuits is the art of finding the right trade-off between conflicting constraints or
specifications such as power, noise, linearity, gain, supply voltage, voltage swing, speed and input/output
impedance as illustrated by Razavi’s analog design octahedron shown in Figure 1.1 [14]. Analog circuit
design is therefore a complex exercise involving multiple tradeoffs. The design of analog and RF circuits
in advanced nano-scale CMOS technologies sets special requirements on the CM (accuracy over a
wide range of bias and geometries, speed, scalability, etc). Design in nano-scale CMOS technology
nodes is further complicated because of the dominant short-channel effects (SCE). Modern circuit
simulators coupled with sophisticated CM are powerful tools for the design and analysis of circuits
in advanced technology nodes, yet most experienced analog designers would still rely on their design
intuition and do “hand calculations’ ’ before performing any simulation. This pre-simulation phase
requires a stripped-down version of the model which is simple enough for initial design guidance, yet
accurate enough to minimize trial-and-error simulation attempts.

The EKV model, with only 4 parameters (for bulk), can be used for this pre-simulation phase. The
long-channel EKV model is presented below, starting with the static (DC) model.

1.1.3 Moderate and weak inversion in advanced CMOS technologies

Figure 1.2a shows the drain current ID normalized to the specific current Ispec (which will be defined
later) which corresponds to the inversion coefficient IC versus the overdrive voltage VG − VT 0 of a
minimum length n-channel transistor from a 28-nm bulk CMOS technology [6], [7], [8], [9]. The first
thing we observe is that the ID-VG characteristic is linear instead of being quadratic which is due to the
effect of velocity saturation occurring for short-channel devices. Velocity saturation will be discussed
in details in the Short-channel Chapter. We also note that strong inversion (SI) covers a wide range
of voltage (roughly from 0.3 V to 0.8 V), however it actually only spans over a very small range of
current. This can be better observed in Figure 1.2b which is the same data than in Figure 1.2a but
with a logarithmic y-axis. The different regions of operation are identified as follows: strong inversion
(SI) occurs for an inversion coefficient 10 < IC, moderate inversion (MI) correspond to 0.1 < IC < 10,
whereas weak inversion (WI) occurs for IC < 0.1. We now discover that MI and WI span over 6
decades of current, whereas SI is limited to less than 1 decade [6], [7], [8], [9]!

Additionally, because of the voltage scaling resulting from the down-scaling of CMOS technologies, the
SI part is shrinking and will progressively disappear at low-voltage in advanced CMOS technologies
for the benefit of MI and WI. This is illustrated in Figure 1.3 for various CMOS technologies. We
have seen that the supply voltage will progressively reach 0.5 V in advanced technologies. If for
example we look at a bulk nMOS transistor with a threshold voltage as low as 0.2 V and a slope
factor n = 1.5, assuming that the supply voltage is set at 0.5 V, as shown in Figure 1.3, the transistor
does not even reach SI! Things improve slightly for a fully depleted SOI (FDSOI) technology. For a
long channel transistor, in FDSOI the slope factor is close to 1. Assuming an nMOS transistor with
the same threshold voltage but an ideal slope factor n = 1, we see that the transistor just reaches SI
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Figure 1.2: ID-VG characteristic measured on a n-channel transistor from a 28-nm bulk CMOS process
and compared to BSIM-bulk simulations [6], [7], [8], [9].
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Figure 1.3: Strong inversion will disappear at low-voltage!
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at VDD = 0.5 V . FDSOI has this unique property that the threshold voltage can be adjusted with
the back-gate voltage. Assuming it can be reduced from 0.2 V to 0.15 V, we observe that the device
now just barely enters in SI at VG = VDD. We can conclude that SI is progressively disappearing at
low-voltage for advanced technologies.

The reduction of the supply voltage is therefore pushing the transistor operating point from the
traditional SI region, towards MI and eventually SI. Additionally, we will show later that the optimum
bias point often happens to be in MI. It is therefore essential to have a simple model that covers all
regions of inversion and particularly MI and WI. How to derive a simple model that is valid in all
regions of operations? We will show below how the EKV model can address this issue.

1.2 The static model

1.2.1 Device structure

B

G

D

SVS

VG

VD

L

x

z
oxide thickness tox

ID

p+ n+ n+

p-type substrate

width W
LG

intrinsic part

(a) nMOS transistor cross-section.

(b) Transistor from a 45 nm bulk CMOS technology.

Figure 1.4: Device cross-section illustrating the sour-drain symmetry.

Figure 1.4a shows the cross-section of a n-channel bulk MOS transistor taken from source to drain.
We see that the structure is symmetrical with respect to source and drain. To take advantage of this
symmetry and assuming that the doping is uniform from source to drain, at least in the channel region
just below the oxide capacitance, we can refer the terminal voltages to the local substrate. The latter
can either be the substrate or the well depending on the technology and the type of device. This means
that the gate, source and drain voltages VG, VS and VD correspond actually to VGB , VSB and VDB. As
we will see later, this choice will lead to a symmetrical electrical model with respect to source and
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drain [15]. This symmetry is illustrated in Figure 1.4b which represents a photo of the cross-section
from a 45 nm bulk CMOS technology. Even if the dimensions are not at scale, we clearly see that the
real device is indeed symmetrical with respect to source and drain.

In this section, we will focus mostly on the so-called intrinsic channel region delimited by the source
and drain diffusions and the oxide capacitance highlighted by the red rectangle shown in Figure 1.4a.
Indeed, even if this region is rather small compared to the actual extrinsic region, as shown by the
cross-section of a real transistor shown in Figure 1.4b, it still represents the active part of the device
which provides the transconductance and the intrinsic voltage gain required by analog circuits.

The transistor length L is defined by the channel length between the source and drain junctions which
is different from the drawn gate length LG. The transistor width is W and the oxide thickness tox. For
a n-channel transistor, the drain current is defined positive entering the drain terminal.

N-type local substrate

P-type local substrate

Sn

VSn

Vsub-n

IDn

Dn

VDn

Gn

VGn

Dp

IDp

Sp

Gp

VDp

VGp

VSp

Vsub-p

VDD

Figure 1.5: Definition of the voltages and currents convention for n- and p-channel MOSFETs.

, Important

All the equations that will be derived below for the n-channel transistor remain valid for a p-
channel transistor if the sign of the current and voltages are changed (i.e. IDS → ISD, VGB → VBG,
VSB → VBS and VDB → VBD). The voltages and currents convention is summarized in Figure 1.5.

1.2.2 Drain current expression

The drain current ID is given by the following differential equation [15]

ID = µ · W · (−Qi) · dV

dx
, (1.1)
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𝑉𝐺 > 𝑉𝑇0 (strong inversion)
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Figure 1.6: Inversion charge density versus channel voltage V illustrating the drain current normalized
to β in grey.

ñ Note

It can be shown that (1.1) includes both the drift and the diffusion current components by making
use of the channel voltage V which is equal to the quasi-Fermi potential of electrons in the channel
[16].

where:

• µ is the electron mobility in the channel region which will be considered as constant along the
channel.

• V is the channel voltage defined as the quasi-Fermi voltage of electrons which is equal to the
source voltage VS at the source end of the channel (x = 0) and to the drain voltage VD at the
drain end of the channel (x = L).

• Qi is the inversion charge density corresponding to the mobile charge per unit area (electrons in
the case of this n-channel transistor) and participating to the drain current.

This inversion charge Qi is obviously a function of the terminal voltages. If we bias the gate voltage
VG at a voltage larger than the threshold voltage VT 0 (which will be defined below), minority carriers
(electrons) are attracted towards the surface and form a channel below the oxide. If additionally we
connect the source and drain voltage together as shown in the schematic of Figure 1.6 and connect it
to a voltage V , then this channel is uniform from source to drain, meaning that −Qi is constant along
the channel from source to drain. It can be shown that if we sweep the channel voltage V keeping the
gate voltage VG constant, the inversion charge −Qi decreases with respect to the channel voltage V
according to [15]

− Qi

Cox

∼= n · (VP − V ), (1.2)

until it reaches zero at the particular value of the channel voltage called the pinch-off voltage VP . When
increasing the gate voltage, the inversion charge increases and the curve in Figure 1.6 moves upwards.
The pinch-off intersection point then moves to the right and the pinch-off voltage increases with the
gate voltage. Hence, the pinch-off voltage depends on the gate voltage and can be approximated by
[15]

VP
∼=

VG − VT 0
n

, (1.3)

where VT 0 is the threshold voltage and n the slope factor which also corresponds to the slope of the
linear approximation of −Qi/Cox shown in Figure 1.6 [15].
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ñ Note

Note that the slope factor n slightly decreases with the gate voltage from typically 1.6 in weak
inversion to about 1.2 in strong inversion [15]. In the EKV model we ignore this dependence and
consider n as constant with a value between 1.2 and 1.6. Usually taking n = 1.3 for a long-channel
bulk transistor is a good trade-off.

The actual drain current is obtained by integrating (1.1) with respect to the channel voltage from the
source, where V = VS , to the drain, where V = VD, resulting in [15]

ID = β ·
∫ VD

VS

−Qi

Cox
· dV = n · β

2 ·
[
(VP − VD)2 − (VP − VS)2

]
, (1.4)

where β ≜ µ · CoxW/L is the transconductance factor. As shown in Figure 1.6, the drain current
corresponds to the area below the Qi curve delimited by the source and drain voltages. If we increase
the drain voltage keeping the source voltage constant, the drain current then increases until the drain
voltage reaches the pinch-off voltage. The drain current then saturates to a constant value even if
the drain voltage increases beyond the pinch-off voltage. As we will see later this mode of operation
(e.g. VP < VD) is called forward saturation, whereas the linear region is defined for VD < VP .

1.2.3 Forward and reverse currents

𝑉𝑆 𝑉𝐷 𝑉𝑃
𝑉

𝑛 ⋅ 𝑉𝑃

−
𝑄𝑖
𝐶𝑜𝑥

Drain
current

𝑉𝑆 𝑉𝑃
𝑉

𝑛 ⋅ 𝑉𝑃

−
𝑄𝑖
𝐶𝑜𝑥

Forward
current

𝑉𝐷 𝑉𝑃
𝑉

𝑛 ⋅ 𝑉𝑃

−
𝑄𝑖
𝐶𝑜𝑥

Reverse
current

𝐼𝑅
𝛽

Figure 1.7: Definition of the forward and reverse currents [15].

Taking advantage of the symmetry of the device, we can decompose the drain current into the
difference between a forward component IF minus a reverse component IR. As shown in Figure 1.7,
this corresponds to split the drain current into the difference between the area of the large triangle
corresponding to IF as shown in the middle figure of Figure 1.7, and the area of the smaller triangle
corresponding to IR as shown in the right figure of Figure 1.7.

In a more formal way, it simply corresponds to split the integral in (1.4) into [15]

ID = β ·
∫ VP

VS

−Qi

Cox
· dV︸ ︷︷ ︸

forward current IF

− β ·
∫ VP

VD

−Qi

Cox
· dV︸ ︷︷ ︸

reverse current IR

= IF − IR (1.5)

with

IF ≜ F(VP − VS), (1.6)
IR ≜ F(VP − VD), (1.7)

where F is the same function giving the forward current as a function of VP − VS and the reverse
current as a function of VP − VD according to [15]

F(Vx) ≜ β ·
∫ VP

Vx

−Qi

Cox
· dV. (1.8)
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Note that the above derivation was done assuming the transistor is biased in strong inversion (VG > VT 0)
ignoring moderate and weak inversion. In reality the inversion charge −Qi never crosses zero as shown
in Figure 1.6, but starts to decay exponentially to tend asymptotically to zero for large values of
the channel voltage V . Although the decomposition of the drain current into a forward and reverse
current was defined in Figure 1.7 for a transistor biased in strong inversion, it also holds in all modes
of inversion from weak to moderate and strong inversion by replacing the upper bound of the integral
in (1.8) VP by +∞ [15].

Note also that this decomposition of the drain current is only valid for long-channel transistors. Indeed,
for short-channel devices, the effect of velocity saturation introduces a dependence of the velocity and
hence of the mobility to the longitudinal direction x and this decomposition does not hold anymore
[15].

1.2.4 Modes of operation (in voltage domain)

Forward
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ID=IF
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Linear
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blocked

Figure 1.8: Defintion of the various modes of operation in the VD-VS plan [15].

For a given gate voltage larger than the threshold voltage (transistor in strong inversion), the pinch-off
voltage is larger than zero and splits the VD-VS plan into four different operation regions. When VD

and VS are both smaller than VP , then the transistor operates in the linear region. It is called linear
region because the current depends linearly on the gate voltage. If we keep VS constant (for example
VS = 0) and increase VD, when VD becomes equal or larger than VP , the channel gets pinched-off at
the drain and the transistor enters in forward saturation. In this region, the drain current does not
depend on the drain voltage anymore (ideally, when ignoring channel length modulation (CLM) and
drain induced barrier lowering (DIBL)). In forward saturation, the reverse current becomes negligible
with respect to the forward current IF ≫ IR.

In a symmetrical way, if we now keep the drain voltage constant (e.g. VD = 0), and increase the source
voltage the drain current flows in the opposite direction (i.e. ID < 0) but increases in absolute value
until VS reaches VP , point at which the channel gets pinched-off at the source side of the channel. The
transistor then enters into reverse saturation where |ID| does not increase but saturates. The VD-VS

plan is split by the 90◦ line corresponding to VD = VS and along which ID = 0 since IF = IR. Above
this line the forward current is larger than the reverse current and hence the drain current is positive.
Below this line the drain current is negative.
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When both VD and VS get larger than VP , the transistor enters into weak inversion and eventually
gets blocked. Note that there is of course no abrupt change between strong and weak inversion but
rather a smooth transition around VP where both the drift and the diffusion currents are present and
which is called the moderate inversion region. Moderate inversion will be discussed in more details in
the next sections.

1.2.5 Normalization

Before we move forward we now will normalize the various variables according to the definitions given
in Table 1.1, namely:

• The voltages are normalized to the thermodynamic voltage UT ≜ kB T/q where kB is the
Boltzmann constant, T the absolute temperature and q the elementary charge.

• The currents are normalized to the specific current Ispec ≜ Ispec□ W/L with Ispec□ ≜ 2n µ Cox U2
T

the specific current per square. The specific current can also be written as Ispec = 2n β U2
T .

• The conductances are normalized to the specific conductance Gspec ≜ Ispec/UT = 2n µ Cox
W
L UT .

• The charges (or charge densities, i.e. charge per unit area like Qi) are normalized to Qspec ≜
−2n Cox UT .

• Finally the distance along the channel x is normalized to the channel length L with ξ ≜ x/L.

Note that since Qspec is negative for n-channel transistors (electrons), the normalized inversion charge
qi ≜ Qi/Qspec becomes a positive quantity.

Table 1.1: Normalization.

Variable Normalization factor

Voltages UT ≜ kB T
q

with kB the Boltzmann constant,
T the absolute temperature and

q the elementary charge
Currents Ispec = Ispec□ · W

L = 2n β U2
T

with Ispec□ ≜ 2n µ Cox U2
T and

β ≜ µCox
W
L = Ispec

2n U2
T

Conductances Gspec ≜
Ispec

UT
= 2n µ Cox

W
L UT

Charge densities Qspec ≜ −2n Cox UT

with Cox the oxide capacitance per unit area and
n the slope factor

Distance x ξ ≜ x
L

ñ Note

Why do we normalize these variables? It seems to bring additional unneeded complexity and make
the variables even more abstract. We normalize the main variables simply because normalization
actually strips-off most of the technology-dependence leading to an almost technology-independent
model. The dependence to a particular technology is then captured by only a few parameters
such as Ispec□.

1.2.6 Inversion charge in all modes of operation

The inversion charge versus channel voltage was introduced in (1.2) assuming that the transistor was
biased in strong inversion. It can be shown that for a given gate voltage VG (or its normalized form
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Figure 1.9: Normalized inversion charge density qi versus normalized channel voltage v in MI.

vg ≜ VG/UT ) and therefore pinch-off voltage VP (or its normalized form vp ≜ VP /UT ), the normalized
channel voltage v ≜ V/UT (which depends on the normalized position ξ along the channel) is given by
[15]

vp − v(ξ) = ln[qi(ξ)] + 2qi(ξ) for 0 ≤ ξ ≤ 1, (1.9)
which is valid all along the channel, from source to drain (assuming that VD < VP , i.e. no saturation at
the drain side of the channel). The normalized inversion charge qi is plotted versus the channel voltage
v in Figure 1.9 for a given gate and pinch-off voltage such that the transistor is biased in moderate
inversion. The general expression (1.9) is compared to the strong and weak inversion asymptotes. We
see that qi no longer crosses the x-axis at vp as the SI asymptotes does but decays exponentially to
zero. We also see that the actual inversion charge is slightly smaller than the SI asymptote.

Note that (1.9) is also valid at the source and drain sides of the channel resulting in [15]

vp − vs = ln(qs) + 2qs, (1.10)
vp − vd = ln(qd) + 2qd, (1.11)

where qs and qd correspond to the normalized inversion charges at the source and drain

qs ≜ qi(ξ = 0) = Qi(x = 0)
Qspec

, (1.12)

qd ≜ qi(ξ = 1) = Qi(x = L)
Qspec

. (1.13)

We will see that qs and qd are fundamental variables in the EKV charge-based model. Indeed, almost
any characteristic of the intrinsic transistor can be expressed in terms of qs and qd. As a first example,
we now will derive an expression of the drain current in terms of qs and qd that is valid in all modes of
operation.

1.2.7 Drain current in all modes of operation

The drain current given by (1.1) can be written in normalized form as

id ≜
ID

Ispec
= qi

dv

dξ
. (1.14)

The current still corresponds to the area below the qi curve comprised between vs and vd as shown
in Figure 1.9 and can still be decomposed into the difference between a forward if and a reverse ir

normalized current
id = if − ir, (1.15)
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but the integration needs now to be performed from vs, respectively vd to +∞ in order to include
moderate and weak inversion

if ≜
IF

Ispec
=
∫ +∞

vs

qi · dv, (1.16)

ir ≜
IR

Ispec
=
∫ +∞

vd

qi · dv. (1.17)

The normalized forward and reverse currents can be used to define the various modes of operation
of the transistor including the moderate inversion. It is shown in Figure 1.10. Except for switches
which operate along the 45◦ line, most of the transistors of analog circuits are biased in saturation
with ir ≪ 1, corresponding to the red ovale in Figure 1.10.
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Figure 1.10: Modes of operation in the normalized current domain [15].

Instead of performing the integration in the voltage domain as done in (1.16) and (1.17), we can use
(1.9) to express the channel voltage in terms of the inversion charge as

v = vp − 2qi − ln(qi), (1.18)

from which, assuming a constant gate and hence pinch-off voltage, we get

dv = −
(

2 + 1
qi

)
dqi. (1.19)

Replacing (1.19) in (1.14) results in

id = −(2qi + 1) · dqi

dξ
. (1.20)

The drain current now only depends on the inversion charge and its derivative along the channel.
Integrating (1.20), we get

if =
∫ qs

0
(2qi + 1) · dqi = q2

s + qs = qs (qs + 1), (1.21)

ir =
∫ qd

0
(2qi + 1) · dqi = q2

d + qd = qd (qd + 1), (1.22)

where we have swapped the integration bounds due to the minus sign in (1.20) and accounted for the
fact that qi(v → +∞) = 0. We now have extremely simple expressions of the forward and reverse
currents that depend only on qs for if and qd for ir.
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The forward and reverse currents can be approximated by [15]

if,r =
{

qs,d for qs,d ≪ 1 (weak inversion),
q2

s,d for qs,d ≫ 1 (strong inversion).
(1.23)

In saturation, qd ≪ qs making the reverse current ir negligible compared to the forward current if .
The drain current is then simply equal to the forward current

id
∼= if = q2

s + qs in forward saturation. (1.24)

The source and drain charges qs and qd can be expressed as a function of the forward and reverse
currents if and ir by solving (1.21) and (1.22) for qs and qd, respectively, resulting in [15]

qs =
√

4if + 1 − 1
2 = 2if√

4if + 1 + 1 , (1.25)

qd =
√

4ir + 1 − 1
2 = 2ir√

4ir + 1 + 1
. (1.26)

The normalized source and drain charges have the following asymptotes [15]

qs,d =
{

if,r for if,r ≪ 1 (weak inversion),√
if,r for if,r ≫ 1 (strong inversion).

(1.27)

Having the foward and reverse currents in terms of qs and qd is not very helpfull, because we still
need to know qs and qd which are set by the terminal voltages according to (1.10) and (1.11). We can
however replace qs and qd in (1.10) and (1.11) by (1.25) and (1.26) resulting in two relations between
the voltages and the currents [15]

vp − vs = ln
(√

4if + 1 − 1
)

+
√

4if + 1 − 1 − ln(2), (1.28)

vp − vd = ln
(√

4ir + 1 − 1
)

+
√

4ir + 1 − 1 − ln(2). (1.29)

We now have two relations of the terminal voltages in terms of the normalized currents which are valid
in all regions of operation. However, we usually need an expression of the currents in terms of the
terminal voltages. Unfortunately, (1.28) and (1.29) cannot be inverted analytically to give an explicit
closed-form expression of the drain current versus voltages valid in all regions of operation. However,
(1.28) and (1.29) can be inverted by means of the Lambert W-function W (z) which is defined as the
function that satisfies the following equality [17], [18]

W (z) · eW (z) = z. (1.30)

The voltage versus charge equation v = ln(q) + 2q can then be written as

2q · e2q = 2ev (1.31)

where q ≜ qs and v ≜ vp − vs which can be solved for q using the Lambert W-function by setting
z = 2ev leading to

q(v) = 1
2W (2ev). (1.32)

The Lambert W-function is available in the scipy Python library as lambertw and in Mathematica as
the ProductLog[z] function.

Figure 1.11 shows the normalized drain current in saturation idsat = if versus vp − vs. The exact
curve is actually obtained by sweeping the current idsat and calculating vp − vs using (1.28). The
Lambert W-function is obtained by taking the values of vp − vs obtained with (1.28) and calculating
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Figure 1.11: Comparison of the id versus vp − vs obtained with the EKV 2.6 approximation to the
exact solution.

idsat using the Lambert W-function. Carefully looking at Figure 1.11 we see no difference. As shown in
Figure 1.14, the relative error is negligible.

Although the Lambert W-function is available in math packages, it is not available in standard HDL
used for implementing compact models such as Verilog-A for example. However, a simple approximation
that does not require any iterations and which is offering a very good accuracy was proposed by Bucher
and implemented in version 2.6 of the EKV compact model. The corresponding Python code is given
below

def q_v(v):
if v <= -15:

q0=1/(2+exp(-v))
else:

if v <-0.35:
z0=1.55+exp(-v)

else:
z0=2/(1.3+v-ln(v+1.6))

z1=(2+z0)/(1+v+ln(z0))
q0=(1+v+ln(z1))/(2+z1)

return q0

Figure 1.12 shows the normalized current calculated with the EKV 2.6 approximation which is compared
to the exact result. Again, we see no difference. The relative error is larger than that of the Lambert-W
function but remains negligible as show in Figure 1.14.

An alternative analytical expression of the current (and actually also the transconductance) that is
valid in all regions of operation has been proposed by Cerveny and Vittoz [19], [15]

vp − vs = 2 ln
[
e
√

if − 1
]

, (1.33)

vp − vd = 2 ln
[
e

√
ir − 1

]
. (1.34)

The big advantage of (1.33) and (1.34) is that it can be inverted to express the currents in terms of
the voltages as [19], [15]

if = ln2
[
1 + e

vp−vs
2

]
, (1.35)

ir = ln2
[
1 + e

vp−vd
2

]
. (1.36)
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Figure 1.12: Comparison of the id versus vp − vs obtained with the EKV 2.6 approximation to the
exact solution.
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Figure 1.13: Comparison of the id versus vp − vs obtained with the Vittoz approximation to the exact
solution.
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Figure 1.14: Relative errors of the various approximations.

(1.35) is compared to the exact expression in Figure 1.13. We see that the approximation slightly
underestimates the current in moderate inversion and overestimates it in strong inversion. The relative
error is shown in the bottom plot of Figure 1.14. We see that it peaks to about +20% in MI and −10%
in SI.

Sometimes it is useful to have the voltages referred to the source terminal instead of the bulk. For
example, this is the case when analyzing the voltage follower, where the source terminal is the output
and is floating. We start by expressing the saturation voltage VP − VS in terms of the gate-to-source
voltage VGS as

VP − VS = VG − VT 0
n

− VS = VG − VT 0 − n VS

n
= VGS − VT

n
, (1.37)

where VT is the threshold voltage for VS > 0 which increases with VS according to

VT ≜ VT 0 + (n − 1) · VS . (1.38)

The drain current in forward saturation (forward current) can now be written in terms of the VGS

voltage by replacing VP − VS by (1.37) in (1.35) resulting in

id
∼= if = ln2

[
1 + e

VGS−VT
2n UT

]
, (1.39)

which in weak inversion and saturation reduces to

id
∼= e

VGS−VT
n UT . (1.40)

In strong inversion, (1.39) reduces to

id
∼=
(

VGS − VT

n UT

)2
. (1.41)
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We can now check whether the charge-based model we have derived has the correct asymptotes in
strong and in weak inversion.

1.2.8 Drain current in strong inversion

Assuming the transistor is biased in the linear region (i.e. neither the source nor the drain are pinched-
off), in strong inversion we have qs ≫ 1 and qd ≫ 1 and similarly if ≫ 1 and ir ≫ 1. The voltage
versus charge equations (1.10) and (1.11) simplify to

vp − vs
∼= 2qs

∼= 2
√

if , (1.42)

vp − vd
∼= 2qd

∼= 2
√

ir, (1.43)

which can now be inverted to express the current in terms of the voltages as

if
∼=
(

vp − vs

2

)2
=
(

VP − VS

2UT

)2
, (1.44)

ir
∼=
(

vp − vd

2

)2
=
(

VP − VD

2UT

)2
. (1.45)

After denormalization we get

IF,R =
{

nβ
2 (VP − VS,D)2 for VS,D ≤ VP ,

0 for VS,D > VP .
(1.46)

Using the approximation of the pinch-off voltage VP
∼= (VG − VT 0)/n leads to

IF,R =
{

β
2n(VG − VT 0 − nVS,D)2 for VS,D ≤ (VG − VT 0)/n,
0 for VS,D > (VT 0)/n.

(1.47)

The various expressions of the drain current in strong inversion are summarized in Table 1.2.

Table 1.2: Expressions of the drain current in strong inversion.

Modes ID = IF − IR Condition

Linear Region n β
(
VP − VD+VS

2

)
(VD − VS) VS < VP , VD < VP

∼= β
[
VG − VT 0 − n

2 (VD + VS)
]

(VD − VS)
Forward saturation n β

2 (VP − VS)2 ∼= β
2n (VG − VT 0 − n VS)2 VS < VP , VD ≥ VP

Reverse saturation −n β
2 (VP − VD)2 ∼= − β

2n (VG − VT 0 − n VD)2 VS ≥ VP , VD < VP

Blocked IF = IR = ID = 0 VS ≥ VP , VD ≥ VP

The transfer characteristic and output characteristics are plotted in Figure 1.15. Looking first at the
transfer characteristic of Figure 1.15a, if we assume that VS > 0 and VD > VS , when sweeping the gate
voltage, the current remains zero until VG reaches VT 0 + nVS , point at which the transistor enters in
forward saturation and the drain current becomes equal to the forward current since the drain is still
pinched-off. The current then increases quadratically until VG reaches VT 0 + nVD, where the reverse
current IR starts to increase. The transistor then leaves the forward saturation region to enter into the
linear region. In this region the current being the difference between the forward and reverse currents,
which are both quadratic functions of the gate voltage, becomes a linear function of the gate voltage
(this is the origin of the name of this region of operation).

We now look at the out charactersitic of Figure 1.15b. The foward current assuming a long-channel
transistor does not depend on the drain voltage. So for a given gate and source voltage, IF stays
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Figure 1.15: Transfer and output characteristics in strong inversion.

constant as shown by the dashed red curve in Figure 1.15b. On the other hand the reverse current
decreases as we increase VD until VD reaches VP above which it stays at zero. as shown by the
dashed-dotted blue curve in Figure 1.15b. The drain current being the difference between IF and IR,
it increases until VD reaches VP where it saturates to IF . Notice that for VD < VS , the drain current
becomes negative because the reverse current becomes larger than the forward current.

1.2.9 Drain current in weak inversion

In weak inversion, we have qs ≪ 1 and qd ≪ 1 and similarly if ≪ 1 and ir ≪ 1 and the voltage versus
charge equations (1.10) and (1.11) can be approximated by

vp − vs
∼= ln

(√
if + 1

4 − 1
2

)
∼= ln (if ) , (1.48)

vp − vd
∼= ln

(√
ir + 1

4 − 1
2

)
∼= ln (ir) . (1.49)

which can now be inverted to express the current in terms of voltages as

if
∼= evp−vs , (1.50)

ir
∼= evp−vd . (1.51)

If we denormalize the currents and voltages, we get

IF = Ispec · e
VP −VS

UT = Ispec · e
VG−VT 0−n VS

n UT = ID0 · e
VG−n VS

n UT , (1.52)

IR = Ispec · e
VP −VD

UT = Ispec · e
VG−VT 0−n VD

n UT = ID0 · e
VG−n VD

n UT . (1.53)

where ID0 is the leakage current, that means the current that flows in saturation when the gate voltage
is set to zero

ID0 = Ispec · e
− VT 0

n UT . (1.54)

The expressions of the drain current in weak inversion are summarized in Table 1.3.
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Table 1.3: Expressions of the drain current in weak inversion.

Modes ID = IF − IR Condition

Linear Region Ispec e
VP
UT

[
e

− VS
UT − e

− VD
UT

]
VS > VP , VD > VP

∼= ID0 e
VG

n UT

[
e

− VS
UT − e

− VD
UT

]
Forward saturation Ispec e

VP −VS
UT ∼= ID0 e

VG−n VS
n UT VD − VS ≫ UT

Reverse saturation −Ispec e
VP −VD

UT ∼= −ID0 e
VG−n VD

n UT VS − VD ≫ UT

Blocked IF = IR = ID = 0 VS ≫ UT , VD ≫ UT or VD = VS
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Figure 1.16: Transfer characteristics in weak inversion.

The transfer characteristics ID-VG are plotted in Figure 1.16 with a logarithmic y-axis. The slope of
the I-V characteristic is equal to 1/(n UT ). The leakage current ID0 corresponds to the intersection
of the I-V characteristic for VS = 0 and the y-axis. Note that ID0 is very sensitive to the threshold
voltage since it depends exponentially on it as shown in (1.54). The leakage current therefore increases
exponentially when the threshold is reduced. This is the reason why the threshold voltage could not
be scaled in the same way than the supply voltage in order to avoid prohibitive leakage current. This
resulted in a reduction of the overdrive voltage VG − VT 0 and hence a move of the operating point from
SI towards MI.

The transfer characteristics ID-VS are plotted in Figure 1.16 with a logarithmic y-axis for two different
values of the gate voltage. We see that the current is decreasing exponentially with VS with an ideal
slope equal to 1/UT .
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Figure 1.17: Output characteristics in weak inversion.

The output characteristic ID-VD is plotted in Figure 1.17 where the drain current is normalized to the
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forward current resulting in
ID

IF
= IF − IR

IF
= 1 − IR

IF
= 1 − e

− VD−VS
UT . (1.55)

We see that, contrary to strong inversion, we cannot clearly identify a saturation voltage, namely
a voltage above which the current saturates to a constant value. In weak inversion, the saturation
current is only reached for VD − VS ≫ UT (formally only for VD − VS → ∞). However, because of
the exponential dependance, the current quickly reaches the maximum current. A saturation voltage
can be defined by the difference between the actual curve and the asymptotic value of the current. If
this difference is set to 5%, the saturation voltage is only about 3UT

∼= 80 mV .

, Important

The saturation voltage in weak saturation is the lowest saturation voltage for a given device. This
is the reason why weak inversion is interesting for low-voltage operation. Note also that, contrary
to strong inversion, the saturation voltage in weak inversion is independent of the threshold
voltage.

1.2.10 Subthreshold slope

The subthreshold slope or gate swing is defined as the increase of gate voltage (in mV) required for the
drain current to increase by one order of magnitude (10x)

△VG = n UT ln 10 = 2.3n UT = 2.3n
kB T

q
(1.56)

which is measured in mV per decade with UT expressed in mV. At room temperature it is typically
equal to 90 mV/dec. It can be compared to the 60 mV/dec obtained for a bipolar transistor or a fully
depleted SOI MOS device for which the slope factor can be considered ideal (n = 1). It also scales
with temperature (at least down to about 50 K).

1.2.11 The inversion coefficient

1

10 1000.10.010.001
IC

Moderate inversionWeak inversion Strong inversion

Subthreshold

(WI) (MI) (SI)

Figure 1.18: Definition of the inversion coefficient IC.

The overdrive voltage VG − VT 0 (or VG − VT ) which has traditionally been used as the main design
parameter for setting the bias point of transistors operating in strong inversion is no more suited when
moving to moderate and weak inversion. Indeed, it becomes zero or even negative which is not very
convenient. We instead propose to use the inversion coefficient IC which basically defines the level
of inversion of the transistor and is formally defined as the maximum of the normalized forward or
reverse current IC ≜ max(if , ir). Since most of the time the transistor is biased in forward saturation
then IC is defined as [15], [6], [7], [8], [9]

IC ≜
ID|saturation

Ispec
, (1.57)

where the normalizing factor Ispec is called the specific current, and is defined as [15], [6], [7], [8], [9]

Ispec ≜ Ispec□ · W

L
, (1.58)
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with
Ispec□ ≜ 2nµCoxU2

T . (1.59)

In a given technology, the specific currents per square Ispec□, one for each transistor type (n- and
p-channel), are the most fundamental parameters for the designer.

Using IC, the different regions of operation of a MOSFET can be classified as illustrated in Figure 1.18
and defined below [15], [6], [7], [8], [9]

IC ≤ 0.1 weak inversion (WI), (1.60)
0.1 <IC ≤ 10 moderate inversion (MI), (1.61)
10 <IC strong inversion (SI). (1.62)

1.2.12 Saturation voltage

The saturation voltage is the drain-to-source voltage VDS above which the drain current saturates to
the foward current IF [15]. In strong inversion, the saturation voltage corresponds to the pinch-off
voltage VP and hence the drain-to-source saturation voltage is given by VDSsat = VP − VS [15]. In weak
inversion, we cannot define a drain-to-source saturation voltage because the drain current actually
never reaches IF but tends asymptotically to it. We cannot use VP − VS because it becomes zero in
moderate inversion or negative in weak inversion as shown in Figure 1.19.
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Figure 1.19: Approximation of vds,sat versus IC.

From (1.10) and (1.11) we can express the normalized drain-to-source voltage vds as a function of the
normalized charges at the source qs and drain qd as

vds = vd − vs = 2(qs − qd) + ln
(

qs

qd

)
= 2qs

(
1 − qd

qs

)
− ln

(
qd

qs

)
. (1.63)

We can define a saturation voltage using the qd/qs ratio (or its inverse the qs/qd ratio) as a criterium
to define the saturation voltage

vdssat = 2qs (1 − r) − ln(r), (1.64)

where r = qd/qs and qs depends on the inversion coefficient according to (1.25)

qs =
√

4IC + 1 − 1
2 . (1.65)
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In weak inversion, the ratio r can be expressed as

r = qd

qs

∼=
ir

if

∼= e−vdssat,wi (1.66)

We can therefore also express the drain-to-source saturation voltage in terms of its value in weak
inversion vdssatwi as

vdssat = 2qs
(
1 − e−vdssatwi

)
+ vdssatwi. (1.67)

If we choose vdssat,wi = 4, (1.67) can be approximated by

vdssat = 2qs

(
1 − e−4

)
+ 4 ∼=

√
4IC + 1 + 3 (1.68)

Equations (1.67) and its approximation (1.68) are plotted versus the inversion coefficient IC in
Figure 1.19. We see an almost perfect fit.

� Notebook: Saturation voltage

This Notebook gives a detailed derivation of the saturation voltage which is valid in all modes of
operation from weak to strong inversion.

1.3 The small-signal model

1.3.1 The low-frequency small-signal model

1.3.1.1 Small-signal schematic of the bulk transistor

The small-signal model is essential for the linear analysis of simple circuits such amplifiers. It is based
on the small-signal model of the transistor which is presented in this section.

Since the bulk MOS transistor has four terminals and three control voltages, the gate voltage VG, the
source voltage VS and the drain voltage VD, we can define three different transconductances. The
drain current increment ∆ID due to an increment of the terminal voltages around an operating point
is given by

∆ID = Gm · ∆VG − (Gms + Gds) · ∆VS + (Gmd + Gds) · ∆VD

= Gm · ∆VG − Gms · ∆VS + Gmd · ∆VD + Gds · ∆VDS ,
(1.69)

where

Gm = ∂ID

∂VG

∣∣∣∣
op

, (1.70)

Gms + Gds = −∂ID

∂VS

∣∣∣∣
op

, (1.71)

Gmd + Gds = ∂ID

∂VD

∣∣∣∣
op

. (1.72)

where op corresponds to the operating point set by the three DC voltages applied at the gate, source
and drain. Gm, Gms and Gmd are the gate, source and drain transconductances, respectively and
Gds is the output conductance typically due to channel-length modulation (CLM) and drain-induced
barrier lowering (DIBL). Note the negative sign of the second term in (1.69) which is due to the fact
that increasing the source voltage makes the current decrease. It has thus been chosen to get a positive
source transconductance.

© C. Enz under CC BY-NC June 19, 2026



The Long-channel MOSFET Model 25

ñ Note

Note that Gmd is not equal to Gds. Gmd is the transconductance from the drain inherent
to the transistor effect while the conductance is due to short-channel effects such as channel-
length modulation (CLM) and drain-induced barrier lowering (DIBL). Note that for long-channel
transistors, Gds ≪ Gms and the output conductance can usually be neglected.

Gm·�VG

Gms·�VS

Gmd·�VD

Gds

�ID

�VS �VD

�VG
DS

G

BB

Figure 1.20: The low-frequency long-channel small-signal model of a bulk MOSFET.

The equivalent low-frequency small-signal circuit is shown in Figure 1.20 and includes three voltage-
controlled current sources (VCCS), each representing one of the transconductance in addition to the
output conductance.

Gm·�VG

Gms·�VS

Gds

�ID

�VS �VD

�VG
DS

G

BB

Figure 1.21: Equivalent small-signal circuit of a bulk MOSFET in saturation.

In forward saturation, for a long channel transistor, the drain voltage has no influence on the drain
current except through the output conductance Gds and hence Gmd = 0. The drain current increment
(1.69) then reduces to

∆ID = Gm · ∆VG − Gms · ∆VS + Gds · ∆VDS (1.73)
and the equivalent small-signal circuit simplifies to the one shown in Figure 1.21. Note that Gms should
not be confused with the bulk transconductance Gmb. In forward saturation, the transconductances of
a source referenced model are related to the transconductances of a bulk referenced model according
to

Gm|source = Gm|bulk = Gm, (1.74)
Gmb|source = Gms|bulk − Gm|bulk = (n − 1) Gm, (1.75)
Gds|source = Gds|bulk = Gds. (1.76)

where the relation Gms = n · Gm that will be discussed later has been used.

The gate, source and drain transconductances are related to each other by the source and drain charges.
Indeed, looking again at the −Qi/Cox versus V plot shown in Figure 1.22 and remembering that the
area below the curve comprised between VS and VD corresponds to ID/β, we first make the following
experience illustrated in Figure 1.22a. Let’s increase the source voltage by ∆VS . This will reduce
the drain current by ∆ID which corresponds to the area of the dark grey rectangle (actually ∆ID/β).
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Figure 1.22: Relation between the transconductance and the inversion charges at the source and drain.

Since by definition |∆ID| = Gms · ∆VS , the height of the rectangle is therefore equal to Gms/β. But
the height of this rectangle also corresponds to the value of the inversion charge (normalized to Cox) at
the source. The source transconductance is therefore proportional to the inversion charge evaluated at
the source [15]

Gms = β · −Qi

Cox

∣∣∣∣
V =VS

= Gspec · qs, (1.77)

where Gspec = Ispec/UT . In a similar way, we can increase the drain voltage by ∆VD assuming the
transistor is biased in the linear region, which results in an increase of the drain current corresponding
to the dark grey rectangle. For similar reasons found for the source transconductance, the drain
transconductance is proportional to the inversion charge but now evaluated at the drain [15]

Gmd = β · −Qi

Cox

∣∣∣∣
V =VD

= Gspec · qd. (1.78)

If we now increase the gate voltage by ∆VG as illustrated in Figure 1.22c, the whole curve moves up
by n · ∆VP

∼= ∆VG since VP
∼= (VG − VT 0)/n and −Qi/Cox is given by (1.2). The current increment

is then corresponding to the top dark grey area which can be shown to be equal to the bottom
dark grey rectangle having a height ∆VG. The length of this rectangle then corresponds to the gate
transconductance Gm/β. It is also equal to the difference (Gms − Gmd)/β divided by the slope n. We
therefore have the following relation between Gm, Gms and Gmd [15]

Gm = Gms − Gmd

n
. (1.79)

Using (1.77) and (1.78), (1.79) writes [15]

Gm = Gspec · qs − qd

n
. (1.80)

The fundamental relations (1.77), (1.78) and (1.79) have been derived from simple geometrical consid-
erations in strong inversion. However it can be shown that they are valid in all modes of inversion.
Indeed, differentiating (1.4) with respect to VS and VD results in [15]

Gms = −∂ID

∂VS
= −∂IF

∂VS
= β · −Qi

Cox

∣∣∣∣
V =VS

= β · −Qi(x = 0)
Cox

= Gspec · qs, (1.81)

Gmd = ∂ID

∂VD
= − ∂IR

∂VD
= β · −Qi

Cox

∣∣∣∣
V =VD

= β · −Qi(x = L)
Cox

= Gspec · qd. (1.82)
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Finally, the gate transconductance is given by [15]

Gm = ∂ID

∂VG
= ∂ID

∂VP
· dVP

dVG
= 1

n
·
(

∂IF

∂VP
− ∂IR

∂VP

)
(1.83)

since
dVP

dVG
= 1

n
. (1.84)

Now, since the forward current IF is a function of VP − VS , differentiating IF with respect to VP is the
same as differentiating IF with respect to −VS and hence

∂IF

∂VP
= −∂IF

∂VS
= Gms. (1.85)

Similarly, since the reverse current IR is a function of VP − VD, differentiating IR with respect to VP is
the same as differentiating IR with respect to −VD and hence

∂IR

∂VP
= − ∂IR

∂VD
= Gmd. (1.86)

From (1.83), (1.85) and (1.86), we finally get (1.79). Note that the above derivation has been made
without any assumption on the transistor mode of operation (except that it is a long-channel transistor
biased in inversion).

In forward saturation, we have Gmd = 0 and hence, (1.79) simplifies to

Gm = Gms

n
. (1.87)

Equation (1.87) states that the transconductance from the gate is n times smaller than the transcon-
ductance from the source. This means that for current-efficiency we should always control the transistor
from the source. However, the reason we control it from the gate is that the impedance seen at the
source is low (actually equal to 1/Gms) whereas the impedance seen at the gate is very high.

1.3.1.2 Small-signal Schematic of the FDSOI Transistor

Note that since an FDSOI device is a four terminal device, there is an additional transconductance
Gmb coming from the back gate. There are therefore 4 VCCS as shown in Figure 1.23a. The front-
and the back-gate transconductances are then given by

Gm = Gms − Gmd

nf
, (1.88)

Gmb = Gms − Gmd

nb
, (1.89)

where nf and nb are the front- and back-gate slope factors, respectively. The subthreshold slope factors
of the front- and back-gate nf and nb are coupled and are therefore bias-dependent typically depending
on the gate voltage difference VG − VB [20]. For a long-channel transistor, the front-gate slope factor
nf is very close to one, typically ranging between 1.04 < nf < 1.11, whereas the back-gate slope factor
nb is approximately given by

nb
∼=

nf

nf − 1 (1.90)

and typically ranges between 10 < nb < 25. As expected, this reflects the fact that the transconductance
from the back-gate is much less efficient that the transconductance from the front-gate.

In saturation, Gmd = 0 and the small-signal circuit reduces to that shown in Figure 1.23b with

Gm = Gms

nf
, (1.91)

Gmb = Gms

nb
. (1.92)
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Gm·�VG

Gms·�VS

Gmb·�VB

Gds

�ID DS
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�VS �VD
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�VG �VB

Gmd·�VD

(a) Including back-gate (B).

Gm·�VG

Gms·�VS

Gmb·�VB

Gds

�ID DS

sub

�VS �VD

G B

�VG �VB

(b) Including back-gate (B) in saturation (Gmd = 0).

Gm·�VG

Gms·�VS

Gds

�ID DS

B

�VS �VD

G

�VG

(c) DC back-gate voltage (∆VB = 0).

Gm·�VGS

Gmb·�VB

Gds

�ID DS

sub

�VS �VD

G B

�VGS

�VB

(d) Long-channel (nf = nb = 1).

Figure 1.23: The low-frequency long-channel small-signal model of an FDSOI device.

Of course when the back gate is connected to a DC bias voltage then Gmb = 0 and the small-signal
schematic in saturation reduces to the equivalent circuit shown in Figure 1.23c, which is identical to
the small-signal schematic of the bulk MOSFET shown in Figure 1.21. Finally, for a long-channel
FDSOI device, the front-gate slope factor can be approximated by nf

∼= 1. The gate and source
transconductances are then equal and can be merged into a single transconductance Gm but now
controlled by VGS . The equivalent schematic in saturation including the back-gate transconductance is
shown in Figure 1.23d.

1.3.1.3 Transconductances in strong inversion

The transconductance values in strong inversion can be derived from the expression of the forward and
reverse current [15]

Gms = nβ(VP − VS) =
√

2nβIF = 2IF

VP − VS
, (1.93)

Gmd = nβ(VP − VD) =
√

2nβIR = 2IR

VP − VD
, (1.94)

Gm = Gms − Gmd

n
= βVDS =

√
2β

n
·
(√

IF −
√

IR

)
. (1.95)

In saturation, IR
∼= 0 and ID

∼= IF and the above expressions reduce to [15]

Gms = nβ(VP − VS) =
√

2nβID = 2ID

VP − VS
, (1.96)

Gmd
∼= 0, (1.97)

Gm = Gms

n
= β(VP − VS) =

√
2βID

n
= 2ID

n(VP − VS) . (1.98)
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From (1.96) we see that in strong inversion and saturation, Gm depends on two design parameters:
either β and VP − VS or β and ID or ID and VP − VS .

1.3.1.4 Transconductances in weak inversion

In weak inversion, the transconductances are related to the forward and reverse currents according to
[15]

Gms = IF

UT
, (1.99)

Gmd = IR

UT
, (1.100)

Gm = Gms − Gmd

n
= IF − IR

n UT
= ID

n UT
. (1.101)

In saturation, IR ≪ IF and ID
∼= IF and the above expressions reduce to [15]

Gms = ID

UT
, (1.102)

Gmd
∼= 0, (1.103)

Gm = Gms

n
= ID

n UT
. (1.104)

1.3.1.5 Transconductances in all regions of inversion

One of the main reason to choose a charge-based model instead of a surface potential-based model,
is the fundamental link that exists between the inversion charge and the transconductance which is
the most important parameter for analog circuit design. Since we have a relation between the source
(drain) charge and the forward (reverse) current (c.f. (1.25) and (1.26)), and since the source (drain)
transconductance is proportional to the source (drain) charge (c.f. (1.77) and (1.78)), we can derive an
expression of the transconductance as a function of the current that is valid in all regions of inversion
[15]

Gms = Gspec · qs = Gspec · gms(if ), (1.105)
Gmd = Gspec · qd = Gspec · gms(ir), (1.106)

Gm = Gms − Gmd

n
= Gspec · gms(if ) − gms(ir)

n
. (1.107)

with gms being the normalized source transconductance given by

gms(IC) ≜ Gms

Gspec
=

√
4IC + 1 − 1

2 = 2IC√
4IC + 1 + 1

. (1.108)

Note that the above expressions are valid in all regions of inversion.

The function gms(IC) defined in (1.108) is plotted versus the inversion coefficient IC in Figure 1.24.
For IC ≪ 1, gms is equal to IC, whereas for 1 ≪ IC, gms reduces to

√
IC.

1.3.1.6 Current efficiency or Gm/ID ratio (long-channel)

The transconductance efficiency Gm/ID, sometimes also called the current-efficiency, is one of the
most important figures-of-merit (FoM) for low-power analog circuit design.
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Figure 1.24: Normalized source transconductance gms versus inversion coefficient IC.

, Important

The transconductance efficiency Gm/ID is a measure of how much transconductance is produced
for a given bias current and is a function of IC only.

As will be shown later, the transconductance efficiency (or its inverse) appears in many expressions
related to the optimization of analog circuits. The transconductance in saturation is related to the
inversion coefficient (or normalized current) according to

Gms = n Gm = Gspec · gms(IC) (1.109)

where gms is given by (1.108).

The normalized current-efficiency is then given by dividing the actual transconductance by the
transconductance obtained in weak inversion ID/UT , resulting in

Gms · UT

ID
= Gm · n UT

ID
=

√
4IC + 1 − 1

2IC
= 2√

4IC + 1 + 1
, (1.110)

which has the following asymptotes

Gms · UT

ID
= Gm · n UT

ID
=

1 in weak inversion and saturation,
1√
IC

in strong inversion and saturation.
(1.111)

The current-efficiency is therefore maximum in weak inversion which means that for a given current
budget it is better to bias the transistor in weak inversion to get the maximum transconductance.
Or alternatively, to achieve a given transconductance biasing the transistor in weak inversion saves
current.

, Important

Biasing the transistor in weak inversion provides the highest transconductance for a given current
budget. However, this does not mean that the maximum transconductance is achieved in weak
inversion. As shown in Figure 1.24, the transconductance always increases when increasing the
inversion coefficient.
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During the design it is often required to find the inversion coefficient corresponding to a required
transconductance for a given bias current. In order to do this we can invert (1.110) leading to

IC = 1 − gmsid

gmsid2 , (1.112)

where gmsid stands for the normalized Gm/ID value set by the required transconductance and available
current ID.

Figure 1.25: The current-efficiency or Gm/ID ratio versus inversion coefficient IC.

The normalized Gm/ID ratio given by (1.110) is plotted versus the inversion coefficient in Figure 1.25
in a log-log scale to highlight the asymtotic behavior. The dashed lines represent the two asymptotes of
weak and strong inversion which cross at IC = 1. This actually led to the choice of the normalization
current Ispec so that these two asymptotes cross at IC = 1. Figure 1.26 shows the same normalized
Gm/ID ratio versus IC but with a linear y-scale. The values of the particular points shown in
Figure 1.26 are summarized in Table 1.4.
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Figure 1.26: The current-efficiency or Gm/ID ratio versus inversion coefficient IC.

Table 1.4: Special values of the normalized Gm/ID ratio.

IC Gms UT /ID = Gm n UT /ID

0.123 0.9
1 0.618
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Table 1.4: Special values of the normalized Gm/ID ratio.

IC Gms UT /ID = Gm n UT /ID

2 0.5
20 0.2
90 0.1

The Gm/ID ratio has been verified with a TCAD simulation assuming Γb = 0.7
√

V . The result is
shown in Figure 1.27, which shows an almost perfect match. Figure 1.28 shows the normalized Gm/ID

ratio measured on various old CMOS technologies. We see that, after proper normalization, all the
measurements points fall on the analytical expression. This shows how the normalization process
can strip away the dependence to a particular technology. It also illustrates the invariance of the
normalized Gm/ID ratio to CMOS technology scaling (assuming long-channel devices).

The Gm/ID is often used as the main design parameter instead of the inversion coefficient IC [21] [22].
It is plotted in Figure 1.29 for different values of the slope factor n at room temperature. We see that
the weak inversion asymptote 1/(n UT ) depends on n and on temperature and typically ranges from 25
to 35 V −1. Although equivalent, the drawback of using the Gm/ID ratio instead of IC is that Gm/ID

depends on n UT and therefore on a given technology. This is not the case of IC. Another drawback is
the saturation of the Gm/ID when reaching weak inversion, which may result in a large error on the
inversion coefficient when imposing Gm/ID.

We can also use the interpolation function by Cerveny and Vittoz [19], [15] and given in (1.35). This
leads to

Gms · UT

ID
= Gm · n UT

ID
= 1 − e−

√
IC

√
IC

. (1.113)

The normalized Gm/ID function given by (1.113) is compared to the EKV expression given by (1.110)
in Figure 1.30. We see that the approximation (1.113) slightly underestimates the Gm/ID below IC = 1
and overestimates it for IC between 1 and 100.

1.3.2 The High-frequency Small-signal Model

1.3.2.1 Intrinsic High-frequency Model

The small-signal circuit of Figure 1.20 is only valid at low-frequency. To extend it to high-frequency we
need to add the five intrinsic capacitances CGSi, CGDi, CGBi, CBSi and CBDi as shown in Figure 1.31.
We also need to add three transcapacitances Cm, Cms and Cmd that can be embedded into the VCCS
that are used for the transconductances. The VCCS currents Im, Ims and Imd are then given by

Im = Ym(s) · ∆VG, (1.114)
Ims = Yms(s) · ∆VS , (1.115)
Imd = Ymd(s) · ∆VD, (1.116)

where

Ym = Gm − jω · Cm, (1.117)
Yms = Gms − jω · Cms, (1.118)
Ymd = Gmd − jω · Cmd. (1.119)
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Figure 1.27: The normalized current-efficiency or Gm/ID ratio versus inversion coefficient IC versus
TCAD simulations.

Figure 1.28: The normalized current-efficiency or Gm/ID ratio versus inversion coefficient IC compared
to measurements made on old CMOS technologies.
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Figure 1.29: The Gm/ID ratio versus inversion coefficient IC for different values of n.
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Figure 1.30: Comparison of Vittoz’s and EKV normalized Gm/ID FoM versus inversion coefficient IC.
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Figure 1.31: The long-channel intrinsic high-frequency small-signal model.
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ñ Note

A transcapacitance is similar to a transconductane. It is modelled by a VCCS that is controlled
by the time derivative of the control voltage instead of the control voltage itself like it is the case
for transcondcutances. A capacitance is controlled by the time derivative of the voltage across it.

These capacitances and transcapacitances model the charging currents at the four terminals that are
needed to change the charges in the channel, in the depletion capacitance and on the gate. They are
obviously bias dependent. The derivation of all these capacitances and transcapacitantes is tedious
and will not be detailed here. It is done in the specialized notebook “Intrinsic Capacitances”. All
these capacitances and transcapacitances are actually proportional to the total gate capacitance
COX ≜ W L Cox. Their bias dependence is captured by the capacitances and transcapacitances
normalized to COX . It can be shown that we only need to compute three normalized capacitances.
They are expressed in terms of n, qs and qd. Three others can be computed by using the source-drain
symmetry by swapping qs and qd in the expressions. The remaining capacitances can be computed by
using some basic relations among them derived from the charge conservation and depletion charge
relations. This leads to the following expressions

cgsi ≜
CGSi

COX
= qs

3 · 2qs + 4qd + 3
(qs + qd + 1)2 , (1.120)

cgdi ≜
CGDi

COX
= qd

3 · 2qd + 4qs + 3
(qs + qd + 1)2 , (1.121)

cgbi ≜
CGBi

COX
= n − 1

n
· (1 − cgsi − cgdi) = n − 1

3n
· q2

s + q2
d − 2qsqd + 3qs + 3qd + 3

(qs + qd + 1)2 , (1.122)

cbsi ≜
CBSi

COX
= (n − 1) · cgsi, (1.123)

cbdi ≜
CBDi

COX
= (n − 1) · cgdi. (1.124)

The five intrinsic capacitances normalized to COX = W · L · Cox are plotted versus the normalized
pinch-off voltage vp in Figure 1.32 and versus the normalized drain voltage in Figure 1.33.
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Figure 1.32: Normalized intrinsic capacitances versus vp
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Figure 1.33: Normalized intrinsic capacitances versus vd

We see that in strong inversion and saturation they are approximately given by

cgsi
∼=

2
3 , (1.125)

cgdi
∼= 0, (1.126)

cgbi
∼=

n − 1
3n

, (1.127)

cbsi
∼= (n − 1) · 2

3 , (1.128)

cbdi
∼= 0. (1.129)

Note that the dashed curves in Figure 1.32 are calculated with a constant slope factor n0 calculated
for vp = 0.

It can be shown that the transadmitances Ym, Yms and Ymd can be written as

Ym = Gm · (1 − jω · τqs), (1.130)
Yms = Gms · (1 − jω · τqs), (1.131)
Ymd = Gmd · (1 − jω · τqs). (1.132)

where τqs = Cm/Gm = Cms/Gms = Cmd/Gmd is the quasi-static time constant related to the
propagation time along the channel which depends on qs and qd according to

τqs

τspec
= 1

30
4q2

s + 4q2
d + 12qsqd + 10qs + 10qd + 5

(qs + qd + 1)3 , (1.133)

with τspec defined as

τspec = 1
ωspec

≜
L2

µ · UT
. (1.134)

ñ Note

Notice that τspec and therefore τqs scale with the square of the length L and therefore take full
advantage of technology down-scaling.

ñ Note

Notice the symmetry of the model in (1.133). Indeed, swapping qs and qd does not change (1.133).
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The frequency ωqs ≜ 1/τqs corresponds to the limit of validity of the quasi-static (QS) model. The
lumped model shown in Figure 1.31 does not hold anymore above ωqs and a non-quasi-static (NQS)
model is required to account for the distributed nature of the channel [23].

The normalized QS frequency Ωqs is given by

Ωqs ≜
ωqs

ωspec
≜

τspec

τqs
= 30 · (qs + qd + 1)3

4q2
s + 4q2

d + 12qsqd + 10qs + 10qd + 5 . (1.135)

In saturation, (1.135) reduces to

Ωqs
∼= 30 · (qs + 1)3

4q2
s + 10qs + 5 =

{
6 in WI and sat.,
15
2 · qs = 15

2 ·
√

IC ∼= 15
4 · VP −VS

UT
in SI and sat.

(1.136)

From (1.135), we see that in weak inversion ωqs = 6 ωspec = 6 µ · UT /L2 which is bias-independent and
only determined by the mobility and the transistor length. Note that in weak inversion, τqs = 1/ωqs

corresponds to the transit time of the carriers diffusing from source to drain, similarly to the transit
time of carrier through the base of a bipolar transistor. In strong inversion, Ωqs is proportional to qs

or to
√

IC or to the saturation voltage VDSsat = VP − VS .

The transcapacitances can then be expressed as

Cm = Gm · τqs, (1.137)
Cms = Gms · τqs, (1.138)
Cmd = Gmd · τqs. (1.139)

The three transcapacitances normalized to COX = W · L · Cox are plotted versus the normalized
pinch-off voltage vp in Figure 1.34 and versus the normalized drain voltage vd in Figure 1.35.
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Figure 1.34: Normalized intrinsic capacitances versus vp

We see that the normalized transcapacitances in strong inversion and saturation are approximately
given by

cm
∼=

4
15 , (1.140)

cms
∼= n · 4

15 , (1.141)

cmd
∼= 0. (1.142)
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Figure 1.35: Normalized intrinsic capacitances versus vd

In the same way there is a relation between the gate transconductance and the source and drain
transconductances, the gate transadmittance is given by

Ym = Yms − Ymd

n
. (1.143)

From (1.143), we also have
Cm = Cms − Cmd

n
. (1.144)

The intrinsic capacitances cgsi, cgbi, cbsi and the transcapacitances cm and cms in saturation (i.e. for
qd = 0) are plotted versus IC in Figure 1.36.
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Figure 1.36: Normalized intrinsic capacitances versus inversion coefficient.

We see that the intrinsic capacitances basically become negligible in wmoderate and weak inversion,
except cgbi. The transistor parasitic capacitances in moderate and weak inversion are therefore
dominated by the extrinsic capacitances which are presented in the next section.

1.3.3 Extrinsic capacitances

In addition to the intrinsic capacitances, we also need to add the extrinsic capacitances. The latter
include the overlap, fringing field and junction capacitances.
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Figure 1.37: Overlap and fringing field capacitances.

The overlap and fringing field capacitances are illustrated in Figure 1.37. The overlap capacitances are
due to the electric field between the gate and the channel Cif , the source and drain extensions through
the oxyde Cov and through the spacer Cof . Although these capacitances show some bias dependence,
they are modelled by two bias-independent capacitances, CGSo between the gate and the source and
CGDo between the gate and the drain. They scale with the transistor width W so that CGSo = W · CGo

and CGDo = W · CGo but are independent of the transistor length. Their value is therefore specified by
a capacitance per transistor width CGo which is usually equal on the source and drain sides so that

CGSo = W · CGo, (1.145)
CGDo = W · CGo. (1.146)

In advanced technologies, the gate stack is close to the source or drain vias, introducing a capacitive
coupling between the gate and the source and between the gate and the drain. They are also modeled
by two bias-independent capacitances CGSf and CGDf which also scale with the width of the transistor
and are symmetrical with respect to source and drain so that

CGSf = W · CGf , (1.147)
CGDf = W · CGf . (1.148)

All the overlap and fringing field capacitances can be added into two extrinsic capacitances, CGSe =
CGSo + CGSf between the gate and the source and CGDe = CGDo + CGDf between the gate and the
drain. Since they all scale with W , we can write

CGSe = W · CGe, (1.149)
CGDe = W · CGe, (1.150)

with
CGe = CGo + CGf . (1.151)

The gate-to-source extrinsic capacitances CGSe comes in parallel to the gate-to-source intrinsic ca-
pacitance CGSi and can therfore be added to CGSi. Similalry at the drain, CGDe can be added to
CGDi.

There is also an overlap capacitance between the gate and the bulk which is usually much smaller than
the overlap capacitances between the gate and the source and the gate and the drain.

In addition to the overlap and fringing field capacitances, we also have to account for the junction
capacitances at the source and drain. As illustrated in Figure 1.38, the junction capacitances are
splitted into a bottom junction capacitance CJBOT , outer side-wall capacitances on the STI side CJSW 1,
CJSW 2 and CJSW 3 and an inner side-wall capacitance on the gate side CJSW 4. The total junction
capacitance between the drain (source and the bulk (or the well) are given by

CJ,tot = CJBOT + CJSW,out + CJSW,in (1.152)
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Figure 1.38: Junction capacitances.

with

CJBOT = CJ · W · 2Hdif , (1.153)
CJSW,out = CJSW · (W + 2Hdif ), (1.154)
CJSW,in = CJSWG · W. (1.155)

All the above junction capacitances are bias-dependent. However, in the design phase, we can estimate
them for zero bias voltage value which is a worst case value. Parameters CJ , CJSW and CJSWG
are technology parameters corresponding to the zero-bias values.

For design optimization, it is useful to split the total junction capacitance into a constant part CJ0
and a part that scales with W

CJ,tot = CJ0 + CJW · W (1.156)
with

CJ0 = CJSW · 2Hdif , (1.157)
CJW = CJSW + CJSWG + CJ · 2Hdif . (1.158)

1.3.3.1 Full High-frequency Model
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Figure 1.39: The complete long-channel high-frequency small-signal model.

The intrinsic small-signal schematic of Figure 1.31 needs to be completed by the components related
to the extrinsic part of the transistor as shown in Figure 1.39. This includes the access resistances
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RS , RD and RG and the five extrinsic capacitances CGSe, CGDe, CGBe, CBSj and CBDj which come
in parallel to the five intrinsic capacitances

CGS = CGSi + CGSe, (1.159)
CGD = CGDi + CGDe, (1.160)
CGB = CGBi + CGBe, (1.161)
CBS = CBSi + CBSj , (1.162)
CBD = CBDi + CBDj . (1.163)

CGSe, CGDe and CGBe include the overlap and fringing field capacitances, whereas CBSj and CBDj

are the junction capacitances of the source and drain diffusions.

For low-power applications it is essential to also consider the noise which is generated in the device
and which constitutes the lower limit of resolution. The small-signal schematic will be completed with
the noise sources in the next section.

1.4 The noise model

In any circuit noise analysis problem, there are always two aspects to deal with: the first is to identify
and characterize all the various noise sources coming from the noisy devices and second to evaluate
how all these noise sources propagate to the output of the circuit. In this section we characterize and
model the noise generated in the MOS transistor.

For long-channel tansistors, there are mainly two kinds of noise in the MOS transistor: thermal and
flicker noise. We start looking at the thermal noise first.

1.4.1 Thermal noise

1.4.1.1 Thermal noise conductance
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Figure 1.40: Modeling the thermal noise in the channel by a noisy current source between the drain
and the source.

If we assume that the transistor is biased in the linear region with VD = VS , the channel is then
uniform and the transistor behaves like a resistor. It therefore seems obvious that this resistive channel
will produce thermal noise generating drain current fluctuations that can be modelled as shown in
Figure 1.40 by a noisy current source connected between the drain and the source and having a PSD
[15]

S∆I2
nD

= 4kBT · Gn, (1.164)
where Gn is the thermal noise conductance at the drain which in this case is simply equal to the
channel conductance Gdso = Gms. In the case VD is larger than VS , the channel is no more uniform
but the drain current fluctuations due to thermal noise can still be written as (1.164) with the noise
conductance given by [15]

Gn = µ

L2 · |QI |, (1.165)
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where QI is the total mobile (or inversion) charge stored in the channel. Of course the thermal noise
conductance Gn depends on bias. It can be shown that the normalized thermal noise conductance gn

depends on qs and qd according to [15]

gn ≜
Gn

Gspec
= 1

6 · 4q2
s + 3qs + 4qsqd + 3qd + 4q2

d

qs + qd + 1 . (1.166)

Equation (1.166) illustrates once more the symmetry of the model. Indeed, the expression of gn remains
unchanged when swapping qs and qd.

It is interesting to first evaluate (1.166) in the linear region by setting qs = qd resulting in

gn = qs = gms, (1.167)

or in denormalized form
Gn = Gspec · qs = Gms. (1.168)

This shows that the thermal noise conductance at the drain is simply equal to the source transcon-
ductance which in the linear region is equal to the channel conductance. This is consistent with the
observation made above.

In saturation qs ≫ qd and (1.166) simplifies to

gn = 2
3 qs ·

qs + 3
4

qs + 1 in saturation, (1.169)

which in strong inversion, qs ≫ 1 becomes

gn = 2
3 qs = 2

3 gms (1.170)

or in denormalized form
Gn = 2

3 Gms = 2
3n Gm. (1.171)

The thermal noise conductance in strong inversion and saturation is proportional to Gms (or Gm) but
with a proportionality factor 2

3 (2
3n when writing in terms of Gm) instead of one. This is due to the

channel being non-uniform between the source and the drain and pinched-off at the drain, resulting in
less noise than what a uniform channel with the same conductance Gms would produce.

In weak inversion, qs ≪ 1 and qd ≪ 1, and (1.166) simplifies to

gn
∼=

qs + qd

2 . (1.172)

Now in weak inversion, qs = if and qd = ir and hence

gn
∼=

if + ir

2 . (1.173)

The denormalized thermal noise conductance then writes

Gn = Gspec · gn = Ispec

UT

if + ir

2 = IF + IR

2UT
. (1.174)

The PSD is then given by

S∆I2
nD

= 4kBT · Gn = 4kBT · IF + IR

2UT
= 2q (IF + IR). (1.175)

This shows that, even though the noise PSD has been derived assuming that the local noise current
source is thermal noise, the PSD in weak inversion actually corresponds to full shot noise of both the
forward and the reverse components. This result is consistent with the fact that the drain current in
weak inversion is dominated by the diffusion current controlled by the potential barriers at the source
(controlling IF ) and at the drain (controlling IR).
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1.4.1.2 Thermal noise factors

Several thermal noise factors can be defined according to the definitions introduced initially by van der
Ziel [24]. The thermal noise parameter related to the drain terminal δn is defined as [15] [25] [26]

δn ≜
Gn

Gdso
, (1.176)

where Gdso is the drain-to-source conductance at VDS = 0,

Gdso = Gms = Gspec · qs. (1.177)

ñ Note

Van der Ziel initially used γ for the thermal noise parameter defined by (1.176) and α for the
noise excess factor defined by (1.180). The most important noise excess factor from a circuit
design point of view is the one given by (1.180), which has been called γ in many papers instead
of α as it was defined initially by Van der Ziel [24]. We will keep the circuit design definition of γ
and rename the Van der Ziel’s γ as δ.

The δn parameter shows how much the thermal noise of the active device deviates from the value
it takes when it operates as a passive resistor of conductance Gdso. Since for VDS = 0 the noise
conductance Gn is equal to the channel conductance Gdso, the noise parameter δn is then equal to
unity.

Assuming constant mobility, it can be shown that δn can be written in terms of the normalized charges
as

δn = gn

gms
= gn

qs
= 1

6 · 4q2
s + 3qs + 4qsqd + 3qd + 4q2

d

qs (qs + qd + 1) . (1.178)

In saturation (i.e. for qd = 0), δn simplifies to

δn = 2
3 ·

qs + 3
4

qs + 1 =
{1

2 WI and saturation (qs ≪ 1),
2
3 SI and saturation (qs ≫ 1).

(1.179)

Note that the δn thermal noise parameter compares the thermal noise conductance evaluated at a
given operating point that is not necessarily the same as the one used to define the output conductance
Gdso (i.e. VDS = 0). It is therefore not very useful for circuit design and is used more for modeling
purposes.

For circuit design, it is more useful to define another figure-of-merit (FoM) γn, named the thermal
noise excess factor related to the drain and defined as

γn ≜
Gn

Gm
= gn

gm
. (1.180)

Contrary to the δn thermal noise parameter, the noise conductance Gn and the gate transconductance
Gm used in the definition (1.180) are evaluated at the same operating point.

, Important

The γn FoM represents how much noise is generated at the drain of a transistor for a given gate
transconductance.

We will see that γn has a direct impact on the noise performance of circuits, particularly at RF where
the noise is dominated by thermal noise [27]. The smaller γn, the better the noise performance of the
device. Note that γn can become quite large in the linear region when VD tends to VS . Indeed, in this
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region, the gate transconductance gets smaller as the drain-to-source voltage decreases, but the thermal
noise conductance does not decrease, resulting in a degradation of the γn noise excess factor. At the
limit when VD becomes equal to VS , the gate transconductance becomes zero and γn tends to infinity.
This is why the thermal noise excess factor is mostly used for a transistor biased in saturation.

ñ Note

Note that γn is also a FoM that can be used for any transconductor (even for circuit transconductors
like OTAs) to evaluate how much thermal noise is generated for a given transconductance. The
smaller γn, the better the transconductor.

The thermal noise excess factor γn is obviously related to the thermal noise parameter δn by

γn = Gn

Gdso
· Gdso

Gm
= δn · Gdso

Gm
= δn · n · Gms

Gms − Gmd
. (1.181)

In saturation, Gmd = 0, resulting in

γn = δn · n =
{

n
2 WI and saturation,
2
3 · n SI and saturation,

(1.182)

since Gdso = Gms. For n = 1.5, the thermal noise excess factor in strong inversion and saturation
is approximately equal to unity and the thermal noise conductance is about equal to the gate
transconductance Gn

∼= Gm.

The PSD of the drain current thermal noise fluctuations can then be written in terms of the noise
excess factors and the transconductances as

S∆I2
nD

= 4kBT · δn · Gms = 4kBT · γn · Gm, (1.183)
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Figure 1.41: Thermal noise referred at the gate.

As shown in Figure 1.41, the drain current noise can be referred to the gate by dividing the drain PSD
S∆I2

nD
by the square of the gate transconductance Gm

S∆V 2
nG

=
S∆I2

nD

G2
m

= 4kBT · Rn, (1.184)

where Rn is the input-referred (or gate-referred) thermal noise resistance given by

Rn = Gn

G2
m

= γn

Gm
=
{1

2
n

Gm
WI and saturation,

2
3

n
Gm

∼= 1
Gm

SI and saturation.
(1.185)

From (1.185), we observe that the input-referred thermal noise can be decreased by increasing the
transconductance, which leads to an increased current consumption.

The above relations have been derived assuming a long-channel transistor. The thermal noise of
short-channel transistors actually degrades compared to long-channel devices. The thermal noise excess
factor γn increases to values that can reach 3. This increase of γn can be compensated by increasing
the transconductance to keep a constant input-referred noise resistance, but at the cost of higher power
consumption.
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1.4.1.3 The Fano noise suppression factor

The Fano noise suppression factor Fa is another way to characterize the transistor white noise initially
introduced by Ugo Fano in 1947 [28], [29], [30]. Fa is usually comprised between zero and one. It
has been proposed as an alternative for characterizing and modeling the white noise of devices from
advanced technologies [31], [32], [33]. Another motivation to use Fa instead of γn is its small dependence
on temperature which is an interesting feature to model the noise down to cryogenic temperature
[34].

In this Section we will show that the Fano noise suppression factor is actually proportional to Gm/ID

and can therefore be expressed in terms of the inversion coefficient IC [8], [9].

The thermal noise excess factor γn introduced above compares the effective PSD of the drain current
fluctuations to the thermal noise of a conductance of value Gm. Another approach is to compare the
PSD of the drain current fluctuations to the PSD of shot noise which is dominant in weak inversion.
This definition corresponds to the Fano noise suppression factor Fa. By definition Fa = 1 when the
noise is full shot noise like in WI and Fa < 1 when the noise is only partially due to shot noise like it is
the case in moderate and strong inversion for example. We can derive the expression of Fa by equating
(1.183) to

S∆I2
nD

= Fa · 2qID, (1.186)

and solving for Fa which results in [35]

Fa =
S∆I2

nD

2qID
= 2γn · UT · Gm

ID
, (1.187)

which can also be written in terms of IC as [35]

Fa(IC) = 2γn(IC)
n

· gms(IC)
IC

= 2δn(IC) · gms(IC)
IC

. (1.188)

Equation (1.188) shows that Fa is actually proportional to the normalized Gm/ID FoM given by (1.110)
and the proportionality factor is two times δn [35]. For a long-channel transistor in saturation, the bias
dependence of δn remains small since it varies from 1/2 to 2/3. This means that the bias dependence
of Fa is mostly captured by the Gm/ID ratio which is often used as a FoM for low-power design since
it gives the transconductance that can be achieved for a given drain current in saturation at a given
IC. Since Gm/ID is maximum in weak inversion, optimizing the Gm/ID FoM is done by setting the
bias as much in WI as other specifications allow (namely speed or gain-bandwidth product). This
results in the maximum Fa, meaning a maximum of white noise PSD for a given current. This perfectly
illustrates the trade-off between power consumption and noise.

Combining (1.188), (1.110) and (1.179), the Fano noise suppression factor only depends on the
inversion coefficient. It is plotted versus IC in Figure 1.42 and compared to the normalized Gm/ID

FoM. Figure 1.42 shows that Fa is actually very close to the normalized Gm/ID function and ultimately
tends to zero for large inversion coefficient. The difference is due to the dependence of δn with IC.
Since in weak inversion gms/IC ∼= 1 and δn

∼= 1/2 then Fa
∼= 1 as expected. In strong inversion,

gms/IC ∼= 1/
√

IC and δn
∼= 2/3, Fa

∼= 4/(3
√

IC).

Note that the above analysis does not account for the short-channel effects which are discussed in the
short-channel model Chapter.

1.4.2 Flicker noise

In addition to the thermal noise of the channel described above, the MOS transistor also exhibits
flicker or 1/f noise. As its name suggests, flicker noise is characterized by a PSD that is inversely
proportional to frequency. It therefore mainly dominates at low-frequency, below the so-called corner
frequency fk defined as the frequency at which 1/f noise contributes equally than the white noise to
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Figure 1.42: The Fano noise suppresion factor Fa versus the inversion coefficient IC compared to the
normalized Gm/ID function [35].

the total noise PSD (referred indifferently at the drain or at the gate). Because the 1/f noise scales
inversely proportional to the gate area, it is becoming a major issue for analog IC design in deep and
ultra deep submicron devices. Corner frequencies of several tens of MHz are now typical and hence
low-frequency analog circuits are usually totally dominated by 1/f noise. Techniques exist to reduce or
even eliminate this low-frequency noise. The most obvious one is to size the gate area in order to bring
down the corner frequency to an acceptable value. This is done at the expense of higher capacitances,
which require higher transconductance and hence higher current for the same characteristic frequency.
Other circuit techniques such as chopper stabilization and correlated double sampling can be used to
eliminate the 1/f noise [36], [37]. They are presented in Chapter?.
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Figure 1.43: Flicker noise referred to the gate.

Because the most important cause of flicker is trapping of mobile charges in traps located in the
oxide or at the Si-SiO2 interface, it is essential to refer the noise directly to the gate as shown in
Figure 1.43. This avoids having the strong dependence introduced by G2

m that appears in the drain
current fluctuations. The flicker noise referred to the gate can be modelled as in EKV 2.6 by a PSD
given by [38]

S∆V 2
nG

(f) = KF

Weff Leff Cox fAF
, (1.189)

where KF is a technology parameter and AF is the frequency exponent which is close to 1. Although
AF is seldom exactly equal to one, we actually will assume that AF = 1. To simplify the design, we
also will assume that KF is constant, i.e. bias independent. As will be shown below, this is not exactly
true, because KF can show some bias dependence, typically varying by one order of magnitude over an
inversion coefficient ranging from 10−2 to 102.

In the same we modelled the gate-referred thermal noise, we can also model the flicker noise by an
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equivalent frequency dependent noise resistance Rnf (f) defined as

Rnf (f) ≜ ρ

Weff Leff f
, (1.190)

where ρ is a technology parameter given by [38]

ρ ≜
KF

4 kB T Cox
. (1.191)

A more detailed study is presented in the notebook dedicated to the flicker noise model. It shows
that there are basically three main causes to the flicker noise. The PSD of the gate-referred voltage
fluctuations can be written as

S∆V 2
nG

(f) = S∆V 2
nG

(f)
∣∣∣
∆N

+ S∆V 2
nG

(f)
∣∣∣
∆µ

+ S∆V 2
nG

(f)
∣∣∣
∆R

. (1.192)

The first term results from carrier fluctuations of the inversion charge due to trapping of the mobile
charges in traps located in the oxide close to the Si-SiO2. This noise generation mechanism corresponds
to the Mc Worther model discussed in [39]. The second term is due to fluctuations of the mobility
and corresponds to the Hooge model [40]. Finally, the last term corresponds to fluctuations of the
resistance of the source and drain access resistances [41] [41]. All these terms are inversely proportional
to the effective gate area Weff Leff and to the frequency.
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Figure 1.44: Flicker noise PSD versus inversion coefficient for f = 10Hz.

Figure 1.44 presents the three components of the gate-referred flicker noise PSD at f = 10 Hz versus
the inversion coefficient. The details of the model are presented in the flicker noise model notebook.
Figure 1.44 shows that the mobility fluctuation term S∆V 2

nG
(f)
∣∣∣
∆µ

only appears at very low IC, while
the access resistance contribution only contributes at very high IC. In between, the gate-referred
flicker noise PSD is dominated by the first term which is also bias dependent. The model presented
in the notebook has been validated for a 180 nm and 90 nm bulk CMOS technologies as shown in
Figure 1.45 and Figure 1.46, respectively.

It would be cumbersome to account for the bias dependence shown in Figure 1.45 and Figure 1.46
during the design phase. For this reason we will assume that the gate-referred flicker noise is given by
(1.189) with KF constant.

1.4.3 Total noise (in saturation)

As shown in Figure 1.47, the noisy transistor can be represented by a noiseless transistor to which we
add two noise sources: one current noise source representing the channel thermal noise and connected
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Figure 1.45: SV 2
nG

· W · L · f versus IC for |VDS | = 1.2 V measured on nMOSand pMOS transistors
from a 180nm bulk CMOS process.

Figure 1.46: SV 2
nG

· W · L versus IC for |VDS | = 0.8 V measured on nMOSand pMOS transistors from
a 90nm bulk CMOS process.
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Figure 1.47: Total noise in saturation.
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between the drain and the source, and one voltage noise source representing the flicker noise and
connected in series with the gate. The flicker noise can be included into the noise current source
between the drain and the source by multiplying it by G2

m. The PSD of the total drain current noise is
then given by

S∆I2
nD,tot

(f) = S∆I2
nD

+ G2
m · S∆V 2

nG
(f) = 4kBT · γnGm + G2

m · S∆V 2
nG

(f). (1.193)

Recalling that the transconductance for a given current is minimum in strong inversion, from (1.193)
we find that the noise at the drain for a given current and a given gate area is minimum in strong
inversion.

It is usually more convenient to refer all the noise at the gate to compare it to the input signal voltage.
The total gate noise voltage PSD is then given by

S∆V 2
nG,tot

(f) =
S∆I2

nD,tot
(f)

G2
m

= 4kBT · γn

Gm
+ S∆V 2

nG
(f) = 4kBT · Rn,tot(f), (1.194)

where the total gate-referred noise resistance Rn,tot(f) is given by

Rn,tot(f) = γn

Gm
+ ρ

W · L · f
. (1.195)

Since the transconductance for a given current is maximum in weak inversion, the total gate-referred
noise PSD for a given current and gate area is minimum in weak inversion.

fc
f

increase 𝐺𝑚 at constant𝑊 · 𝐿increase𝑊 · 𝐿 at constant𝐺𝑚

PSD

Figure 1.48: Definition of the corner frequency fk.

The corner frequency fk is defined as the frequency for which the 1/f noise PSD is equal to the thermal
noise PSD. Setting the flicker noise equal to the thermal noise

ρ

Weff Leff fk
= γn

Gm
(1.196)

leads to
fk = Gm · ρ

γn Weff Leff
. (1.197)

Replacing ρ by (1.191) and Gm by Gspec/n · gms(IC) = 2µCoxWeff /Leff UT · gms(IC) results in

fk = KF

2q γn L2
eff

· gms(IC). (1.198)

From (1.198), we see that the corner frequency approximately scales as 1/L2
eff , which means it increases

when dimensions are down-scaled.

From Figure 1.48, we see that the corner frequency is increased by reducing the thermal noise by
increasing the transconductance at constant gate area. It can be decreased by increasing the gate
area maintaining a constant transconductance. However, increasing the gate area increases the gate
capacitance and usually leads to higher power consumption.
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1.5 Transistor matching

The purpose of a transistor model is to describe its electrical characteristics. These are essentially the
static and dynamic relationships between the voltages applied at its various terminals and the currents
flowing through them.

The model introduced so far describes how these electrical characteristics depend on physical parameters.
These physical parameters have been lumped into a reduced set of model parameters. As long as the
physical parameters remain constant, the characteristics and the model parameters remain constant.
However, some physical parameters may change, thereby modifying the transistor characteristics.

Aging is the consequence of parameters changing with time. It will not be considered here.

Many parameters are changing with the temperature, which can be considered the main external
perturbation on the transistor. In the following it will be assumed that the matched transistors have
the same temperature.

The characteristics of two or more transistors designed to be identical do not match perfectly. This
mismatch is the consequence of parameters changing in space. Matching of the characteristics of two or
several transistors is a very important consideration for analog circuits. Even if transistors are exactly
identical in their structure and layout, their electrical behaviors are not exactly identical. This is due
to spacial fluctuations of the physical parameters that control these behaviors.

The static voltage-current characteristics of long-channel transistors requires only three device parame-
ters, namely VT 0, Ispec and n. Hence, the mismatch of their characteristics is completely characterized
by the mismatch of these three parameters. The variations of these three device parameters can be
traced back to those of the physical parameters such as the doping, oxide thickness, mobility, width
and length.

The mismatch has a deterministic and random part. Some possible sources of deterministic mismatch
are:

• Asymmetry in placement of the device (different neighbored elements).
• Different device orientation (rotated, mirrored).
• Metal coverage effects (over one of the matched components).
• (De-)biasing of (one of) the matched components due to voltage drops in the device connections.

The stochastic part is due to random variations in physical quantities which usually have a normal
distribution and are characterized by their standard deviation. Let us assume that the random
fluctuations of a parameter P are not spatially correlated. It can be shown [42], [43] that the variance
and standard deviation of the difference ∆P of average values P1 and P2 across two separate regions
of area WL are given by

σ2
∆P = A2

∆P

WL
and σ∆P = A∆P√

WL
, (1.199)

where A∆P is the area proportionality constant for parameter P . Some parameters are characterized
by their absolute mismatch (for ex. threshold voltage) whereas some other are often characterized by
their relative mismatch (for ex. oxide capacitance per unit area)

σ2
∆P
P

=
A2

∆P
P

WL
and σ ∆P

P
=

A ∆P
P√

WL
. (1.200)

In both cases, it can be shown that the variance of device parameter mismatch is inversely proportional
to its area. If one transistor is made infinitely large, then the mismatch is reduced by

√
2.
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M1 M2

ID1 ID2

VS

VG

Figure 1.49: Drain current mismatch.

1.5.1 Drain current mismatch

Let’s first consider two matched transistors M1 and M2 biased in saturation and sharing the same gate
and hence having the same gate voltage as shown in Figure 1.49. This configuration is found in current
mirrors. Assuming that ∆VT 0 and ∆β are uncorrelated and ∆n is negligible, the standard deviation of
the relative drain current mismatch of the two transistors is given by

σ ∆ID
ID

=
√

σ2
∆β
β

+
(

Gm

ID

)2
· σ2

∆VT 0
= 1√

WL
·

√
A2

β +
(

Gm

ID

)2
· A2

∆VT 0
(1.201)

Figure 1.50: Drain current mismatch.

Figure 1.50 plots σ∆ID/ID
·
√

WL versus the inversion coefficient IC for three different values of velocity
saturation parameter λc that will be introduced in the next Chapter. The long-channel case corresponds
to the curve for λc = 0. We see that the bias dependence basically follows the Gm/ID bias dependence
which clearly shows that the best matching for currents is obtained in strong inversion. This means
that current mirrors should be biased as much in strong inversion as the voltage headroom allows for
obtaining the current match.

1.5.2 Gate voltage mismatch

M1 M2VG1

ID ID

VS

VG2

Figure 1.51: Gate voltage mismatch.

© C. Enz under CC BY-NC June 19, 2026



The Long-channel MOSFET Model 52

Let’s now consider two matched transistors M1 and M2 biased in saturation and having exactly the
same drain current as shown in Figure 1.51. This configuration corresponds to a differenitialp pair.
The standard deviation of the gate voltage mismatch of the two transistors is given by

σ∆VG
=
√

σ2
∆VT 0

+
(

ID

Gm

)2
· σ2

∆β
β

= 1√
WL

·

√
A2

∆VT 0
+
(

ID

Gm

)2
· A2

β. (1.202)

Figure 1.52: Gate voltage mismatch.

Figure 1.52 plots σ∆VG
·
√

WL versus the inversion coefficient IC for the same values of λc as in
Figure 1.49. We see an opposite bias dependence than observed for the current mismatch. The larger
the Gm/ID ratio, the smaller the contribution of the β-mismatch to the overall mismatch, which reduces
to the VT-mismatch AVT 0 already in moderate inversion. It is therefore better to bias differential pairs
in weak inversion (eventually moderate inversion) to minimize the input-referred offset voltage.

1.5.3 Effect of nonzero source voltage on mismatch

Figure 1.53: Effect of nonzero source voltage on the drain current mismatch.

The dashed line in the plots of Figure 1.53 and Figure 1.54 illustrate the impact of a nonzero source
voltage on the current mismatch and on the gate voltage mismatch due to the correlation exsisting
between ∆VT 0 and ∆n

σ∆VG
|VS>0 = σ∆VG

·
(

1 + VS

2Ψ0

)
. (1.203)
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Figure 1.54: Effect of nonzero source voltage on the gate voltage mismatch.

Figure 1.55: Scaling of the threshold mismatch parameter A∆VT 0 [44].
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It can be shown that the threshold voltage mismatch parameter A∆VT 0 scales with technology roughly
as

A∆VT 0 ∝ tox · 4
√

Nb ∝
4
√

κ

κ
(1.204)

where κ is the scaling factor by which the dimensions are divided and the doping multiplied (corre-
sponding to the traditional Dennard scaling rules with κ > 0). From this Dennard scaling rule we see
that the threshold mismatch parameter A∆VT 0 should decrease as technology are scaled down. This
reduction is observed for NMOS and PMOS transistors of various CMOS bulk technologies as shown
in Figure 1.55 [44]. It however seem to reach a minimum value of about 3 to 4 mV · µm.
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