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This notebook presents the derivation of the equivalent quasi-static (QS) small-signal circuit. This
circuit extends the DC small-signal circuit including the transconductances to high frequency by adding
the intrinsic capacitances and transcapacitances.
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1 Introduction

This notebook presents the derivation of the equivalent quasi-static (QS) small-signal circuit. This
circuit extends the DC small-signal circuit including the transconductances to high frequency by
adding the intrinsic capacitances and transcapacitances. In [1], we have derived this circuit from the
non-quasi-static (NQS) model. This approach is rather complex, reason why in this notebook we will
derive the QS model in a more standard way using the partitioning of the inversion channel charge
between source and drain using the approach proposed by Ward and Dutton [2].

We start expressing the AC charging currents in terms of the intrinsic capacitances modeling the change
of charges in the channel, on the gate terminal and depletion capacitance. The Ward and Dutton
approach associates a charge to each terminal. The charge on the gate is easy to identify since it is
equal to the total inversion charge in the channel and the fixed charges in the depletion capacitance.
The charges associated to the source and drain terminals is a bit more tricky to define, but can be
defined by partitioning the inversion charge in the channel between the source and the drain following
the approach proposed by Ward and Dutton [2].

We then derive the terminal charges and express them in terms of the slope factor n, the normalized
charges ¢s and gq at the source and drain. We then compute the derivatives with respect to the
terminal voltages. We then derive the expressions of all the intrinsic capacitances in terms of n, ¢
and ¢4. Finally, we will derive an equivalent small-signal circuit that requires 5 capacitances and 3
transcapacitances.

© C. Enz under CC BY-NC-SA 19.06.2026
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2 Small-signal AC terminal charging currents

In this section we follow the small-signal model derivation done in [3] [4].

qu+Ale()

tAls
Is+Als L Il
S s SF‘—I D b D
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(D) Veora Ve

Figure 2.1: Definition of the voltages and currents [3] [4].

The MOSFET being a four terminal device, we can define the terminal voltages and currents as shown
in Figure 2.1, where Vp,, Vg, Vsq and Vp, are the DC operating point voltages and AVp, AVg, AVs
and AVp are the small-signal voltage variations. Ip = —Ig are the drain and source quiescent currents
and Alp, Alg, Alg and Al are the small-signal variations. Of course the currents need to satisfy
the KCL. Neglecting the DC parts and considering only the AC components we can then write

Alp + Alg + Alg + Alg = 0. (2.1)

The small-signal source and drain current variations include the change of DC current through the
transconductances and the AC components due to the charging currents

Alp = AID,dc + AID,aca (22)
Alg = —AIDJC + AIS,aa (2.3)
where Alp 4. is the current change due to the transconductances and Alp 4. and Algg. are the

AC charging currents due to the changes of charges @p and Qg associated to the drain and source
terminals.

Knowing that the charge variations only depend on AVpp, AVgp and AVgp, we can write the
AVpp = AVp — AVp, (2.4)
AVgp = AVg — AVp, (2.5)
AVsp = AVg — AVp.

The small-signal terminal charging currents are given by [3] [4]
dVp dVg dVs dVp

Alpac(t) = +Cpp e Cpa i Cps e CpB—— T (2.7)
Ala(t) = —Cep dZD + Cea dC‘l/I;G - Cas dc‘lzs Cen d;;B7 (2.8)
Algac(t) = —Csp dzl/;D - Csa d;/tG Css dc‘;s sB d;;B- (2.9)
Algp(t) = —Cpp d:;D - Cpa d:;G - Cps d;f Csp d:l/tB (2.10)

© C. Enz under CC BY-NC-SA 19.06.2026
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where the 16 intrinsic capacitances are defined by

0Qk
= +— 2.11
Ckr =+ Vi |op (2.11)
_ 0Qgk
Cr1= 5| (2.12)

where K and L are the terminals identifiers. Now, the 16 intrinsic capacitances are not independent.
Indeed, because of the KCL, it can be shown that [3] [4]

Cpp=Cpcg+Cps+Cps=Cap+Csp+Cpp, (2.13)
Cac = Cap + Cas + Cap = Cpc + Csa + Cha, (2.14)
Css = Csp + Csq + Csp = Cps + Cas + Cps, (2.15)
Cgp=Cgp+Cpa+Cps =Cpp+ Cap + Csp. (2.16)
For a bulk-referenced model like EKV, we have
Vp =Vpp + Vg, (2.17)
Vo =Vep +Va, (2.18)
Vs =Vsp + Vg, (2.19)
and the small-signal terminal charging currents can then be written as
dVDB dVGB dVSB dVB
Al = — — — — 2.2
D.ac(t) = +Cpp e pe 5~ — Cps — + (Cpp — Cpe — Cps — CpB) —— . (2.20)
dV; dVe dV. dV,
Alg(t) = —Cep dIt)B + Cea de - Cas diB (=Cap + Cac — Cap — Cas) dtB’ (2.21)
dV; dV, dV. dV
Algac(t) = —Csp —28 — Csq =38 4 Cg5 =22 4 (~Csp — Csg — Csp + Css) —2.  (2.22)
dt dt dt dt
(2.23)
Now, the last term of the above equations is actually equal to zero, resulting in
dVDB dVGB dVSB
Alpaelt) = +Cpp —7— = Cpe — = = Cps — =, (2.24)
dVpp dVap dVsp
Alg(t) = — — — 2.2
¢(t) = ~Caep — = +Cec — 1~ — Cas — .~ (2.25)
dVpp dVap dVSB
Algae(t) = — — 2.2
S,ac(t) Csp 7 Csc o + Css i (2.26)
Replacing (2.13) in (2.24), (2.14) in (2.25) and (2.15) in (2.26) results in
dv; dV dV;
Alpaclt) = (Cop + Cap + Csp) =27 — Cpe —> — Cps == (2.27)
dV; dV dV;
Alg(t) = —Cap dIZB + (Ca + Cpa + Csq) de —Cas diB’ (2.28)
dV; dV dV.
Algot) = —Csp d’;’B — Csq dij + (Cps + Cps + Cas) diB (2.29)

Note that the definition of the intrinsic capacitances given by (2.11) use the derivatives of the terminal
charges with respect to an external reference. However, the terminal charges depend on Vpp, Vap
and Vgp. It is easy to show that the derivatives of the terminal charges with respect to the external
reference are actually equal to the derivatives with respect to Vpg, Vap and Vgg. For example, for
0Qp/0Vg, we have

9Qp __9Qp OVgB

Cpa = -222 -
Vg Vp,Vs,Ve OVap VpB,VsB Vg

_ 0Qp
Vi oVan

(2.30)

VbB,Vss
We can therefore calculate the intrinsic capacitances by taking the derivatives wrt Vpp, Vgp and Vgsp.
The derivatives of the terminal charges are calculated in the next Section.

© C. Enz under CC BY-NC-SA 19.06.2026
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3 QS Terminal Charges

3.1 Total inversion charge

The total inversion charge in the channel is given by

L
Q[ =W /0 Qz(x) dx.
We can normalize ()7 as follows

A QI

1
Lo = /0 gi(€) de

qr

with Qspec £ _2nC,yy Ur and .
W LQspee = —2nW L Cyy Ur.

(3.2)

(3.3)

Similarly to what was done for calculating the drain current, we can perform the integration in the

charge domain, remembering that the drain current is given by

. dg
=—(2¢+1)—.
1d ( q; + ) d§
which gives
2q; +1
de =211 g

td
Replacing d¢ in (3.2) results in

~

1 s
qr = — / qi (2¢; + 1) dg;,
d Jqq

where ¢; £ ¢;(¢ = 0) and g = ¢;(£ = 1).

Performing the integration leads to

_4¢7+4q3+4059a+395+3qa
64 '

qr

Replacing the normalized drain current given by

id:(QE“‘QS)_(qczl'i‘Qd)ZQS(Qs+1)_QS(Qd+1):(QS_Qd)(QS+qS+1),

results in

42 +4¢3+445qa+3¢s +3qa

1
QI—B qs +qa+1

In saturation (i.e. for ¢4 = 0) ¢ reduces to

qI,sat = =

gs 4qs+3 _ |L  in weak inversion (¢gs < 1),
6 (gs+1) .

$qs in weak inversion (gs > 1).

© C. Enz under CC BY-NC-SA
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3.2 Drain and source terminal charges

The total inversion charge needs to be partitioned between the drain and source terminals. Although
this partitioning is a tricky question, under the assumption of constant mobility and uniform doping
along the channel, the total inversion charge can be partitioned between the drain and source terminals
according to the Ward and Dutton partitioning scheme given by [2] [3] [4]

L i
Op =W / T Qi) da, (3.11)
o L
L x
Qs =W / (1 - ) Qi(x) da. (3.12)
o L
or in normalized form
s ¥D (&) d 1
an WLQspec / £qi(§) d, (3.13)
s @s / 1- d 3.14
s WL Qo 0( £) qi(§) d¢, (3.14)
with Qspec £ _2nC,y Up and
W LQspec & —2nW L Cpp Ur-. (3.15)

O Caution

Carefull not to confuse gg with ¢s and gp with g4. ¢s corresponds to the value of the normalized
inversion charge at the source g; = ¢;(¢ = 0), whereas gg corresponds to the part of the total
normalized inversion charge ¢; that is associated to the source terminal. Similarly, ¢4 corresponds
to the value of the normalized inversion charge at the drain g = ¢;(¢ = 1), while ¢p is the part
of the total normalized inversion charge that is associated to the drain terminal.

We can integrate (3.4) from to source to a position x (or £) along the channel
as
&= [ Q2a+1)dai = (g +5) — (@ +a) (3.16)

qi

resulting in
(4 +¢5) — (¢} + @)
id '

&=

Replacing the drain current by (3.4), results in

(3.17)

_ (qg +qs) — (qf +q) _ (gs — q:)(gs + qi + 1)
@) - @) (@ aa)g e ) (3.18)

The normalized drain charge can then be expressed as

1 s
a = [(q2 +qs) — (¢ + ai) ¢i (2 + 1) dg;. (3.19)
d Yad

Performing the integration results in

1 164 +24¢3 +32q3 qa +48q7qs +25¢5 +45¢7 +50¢sqa +10gs +204q (3.20)
G gs +qa+1 '
In saturation (i.e. for ¢4 = 0) ¢p reduces to
qs 16 q? +25qs + 10 _ L in weak inversion (¢gs < 1),
aD,sat = . o (3.21)
60 (gs +1)2 15 ¢s in weak inversion (gs > 1).

© C. Enz under CC BY-NC-SA 19.06.2026
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Proceeding in a similar way for qg, we get

1 16¢3+24¢2 +32¢%qs +48¢% qa+25¢% + 45¢% + 50 g5 ga + 10 g4 + 20 g5
qs = —
60 QS+Qd+1

(3.22)

The source terminal charge can of course be obtained from the drain terminal charge using the
source-drain symmetry ¢s(qs, ga) = qp(qd; gs)-

In saturation (i.e. for ¢4 = 0) ¢g reduces to

qs 242 +45q5 + 20 % in weak inversion (¢s < 1),
QS,sat - @ 1 2 = 2 . . . (323)
(gs +1) £qs in strong inversion (gs > 1).
We can check that the sum of ¢p and gg is equal to the total charge in the channel gr
1442 +4q§ +4qsq4+3qgs+3qq
— 4 — , 3.24
41 = 4D T 4gs 6 Go+qq+1 ( )
which as expected corresponds to the results shown in (3.9).
3.3 Bulk terminal charge
The bulk charge is approximately given by [5] [1]
n—1
QB’E—FbCoxWL\/\IIO—i—Vp—TQ[ (3.25)
or in normalized form
A QB Vb n—1
& =1 — 3.26
9B W LC.Ur  on o +vp = ——ar, (3.26)
where
I'y
A
MW= ) 3.27
T 520
v
A o
£ 2 3.28
¢0 UT ) ( )
Vp
A
= —. 3.29
Up UT ( )
3.4 Gate terminal charge
The gate terminal charge is simply obtained by charge conservation
4G = —qB — 41 = —qB — 45 — 4D, (3.30)

where we have ignored the fixed charges. We can write ¢g replacing ¢p by (3.26), resulting in

gc = —% @b o+ vp + QI> . (3.31)

The terminal charges are plotted in saturation (i.e. for ¢ d=08%) versus ¢, in Figure 3.1 and versus
I1C in Figure 3.2. We see that the source, drain and total inversion charges are small in weak and
moderate and that the bulk charge is dominating. This doesn’t mean that the derivatives of the source,
drain and gate terminal charges remain smaller than the derivatives of the bulk terminal charge.

© C. Enz under CC BY-NC-SA 19.06.2026
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Figure 3.1: Terminal charges in saturation (gq = 0) versus ¢s in saturation (¢q = 0).
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Figure 3.2: Terminal charges in saturation (gq = 0) versus inversion factor IC.
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4 Terminal charge derivatives

The purpose of this section is to write the derivatives of the total inversion charge ¢; and the terminal
charges gs, qp, qp and ¢g in terms of n, ¢s and gg only. We then need to compute only the derivatives
of qr, gp and gg wrt g5 and then get the derivatives of g7, ¢p and ¢g wrt ¢4 by swapping g5 and ¢4 in
the obtained derivatives.

1 Note

To simplify the notation, in the following derivations, vg, vs and v, stand actually for vg, =
Vog/Ur, vep = Vap/Ur and vg, = Vs /Ur.

1 Important

The derivatives of the terminal charges with respect to the terminal voltages will be calculated
assuming that the slope factor n is constant.

4.1 Derivatives of ¢;

The derivatives of q; wrt vs and vy are easy because g; depends on ¢ and g4 where g5 depends only on
vp — vs and not on vy, whereas ¢4 depends only on v, —v4 and not on vs. We can then use the chain
rule and express the derivatives of q; wrt vy and v, as

~1
dqr _ Oq1 (dvd> ’ (41)

Ovg  Oqq \dga
dar _ Oq (dvs>1 (4.2)
Ovs O0qs \dgs ‘ ‘
Recalling that v, — vg and v, — v, are related to ¢4 and g, according to
vp — Vg = 2qq + In(qq), (4.3)
vp — Vs = 2¢s +In(gs), (4.4)
we get
vg = vp — 2¢q — In(qa), (4.5)
vs = Uy — 2¢s — In(gs), (4.6)
resulting in
dvd 2qq4+ 1
== , (4.7)
qd qd
d 2 1
dvs _ Mt (4.8)
gs gs

© C. Enz under CC BY-NC-SA 19.06.2026
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The derivatives of q; wrt vy and v then write

91 g4 Oqr _ qa2¢at+44qa+3 (4.9)

vy 2q4+1 Ogq 6 (gs+qa+1) '
2qs + 4

9qr g5 Oar _ qs 2qs+4ga+3 (4.10)

dvs  2qs+109q 6 (qgs+qa+1)?

When differentiating wrt v,, we need to account for the fact that both g5 and ¢4 depend on v, and
therefore on v, according to

Vg — V10
vy = QT (4.11)
The derivative with respect to vy can then be written as
dqr _ dgr dv, _ 1 dgr (4.12)
dvg  dv, dvg  n dv, '
where . )
d 0 dvp\ ~ 0 dup\ ~
dar _ 91 ("’p) L9 ( ”p> , (4.13)
dvp 8Qd de 8QS qu
and
dvp _ 2qa+1 (4.14)
dqa qa
dgs qs
The derivative of g wrt v, is then given by
dqr _12¢2+2¢3+8qsqa+3ds+3q (4.16)
and finally the derivative of q; wrt v, by
dar 1 23 +2¢5+8¢s¢4+3¢s+3qq (4.17)
dvg  6n (gs + qa +1)? ' '

Note that the derivative of ¢; wrt v, and v, are symmetrical with respect to the source and drain.
Indeed, we can swap ¢s and gg and the expressions (4.16) and (4.17) do not change.

4.2 Derivatives of ¢p

Similarly to what was done above for differentiating ¢, the derivatives of ¢p wrt vy and vs can be
expressed as

dap _ Oqp (dvg\ "' qa  Oqp
94p _ Z4p (T _ =D (4.18)
Ovg  Oqq \dqq 24 +1 Oqq
0 0 dvg\ ! 0
ap _ 94D ( US> _ s 2 (4.19)
dvs  Oqs \dgs 2qs +1 0gs
Performing the differentiation results in
dgp g4 1692 + 647 +18¢sqa + 2595 +15¢a + 10 (4.20)
Ovg 30 (gs +qqa+1)3 ’ '
3qD:_&4q3+4q3+12615(1d+10q5+10qd+5 (4.21)
v, 30 (gs +qa+1)° ' '

© C. Enz under CC BY-NC-SA 19.06.2026
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1 Note

Notice that the expressions of dgp/dvy and dgp/0vs are not symmetrical wrt source and drain.

The derivative of gp with respect to v, is given by

dqp _ dgp dvp _ 1 dgp

= " 4.22
dv, dvy, dvy,  n dvy’ ( )
where . .
dgp Oqp (dvp\~"  9dqp (dvp,\" g5 Oqp @ 9qp
24D 22 (22 = + ) (4.23)
dvp  Ogqs \dgs Oqa \dqq 2¢s+1 0qs  2q4+1 Oqq
Performing the differentiation leads to
dgp 1 4¢3 +6¢3+28¢2qa+22¢s95+10¢2 +15¢7 +35¢sqa+5¢s +10qq (4.24)
dv, ~ 30 (qs + qa + 1) '
and finally
dgp 1 4¢3 +6¢+28¢2qq+22¢,q5+10¢> +15¢3 +35¢sqa+5qs + 10qq (4.25)

dv, ~ 30n (¢s +qa+ 1)

4.3 Derivatives of ¢g

The derivatives of gs wrt vg, vs and v, are obtained by using the source-drain symmetry, simply
swapping ¢gs and gq in the expressions obtained for the derivatives of gp. This resuls in

dqs  qa4q;+4q5+12¢sqa+10gs +10gs +5

- ) 4.26
vy 30 (qs + qq + 1)3 ( )
Oqs _ qs 643 + 163 + 18¢s qa + 15¢5 + 25 ¢4 + 10 o
0vs 30 (qs + qa + 1)3 ) )
dgs 1 6¢3+4q3+22¢2qa+28q.q3+15¢2+10¢3+ 350594+ 105 +5qq (4.28)
d’Ug 30n (qs+qd+1)3 . .
4.4 Derivatives of ¢p
The expression (3.26) can be rewritten as
4B = 4B1 + 4B2, (4.29)

with

L)
B1 = 5\ Yo+ vy, (4.30)

n—1
qr- (4.31)

A
qB2 = —
Since gp1 does neither depend on vy nor on vs, we can write the derivatives of gg wrt vy and v, as

9qp _ Oqp2 _ n—10q

- = 4.32
Ovg Ovg n  Ovg’ (4.32)
dqp _Oqpz  n—10q
R n  Ovs (4.33)

where 0qr/0vq and 0qy/0vs are given by (4.9) and (4.10), respectively.

© C. Enz under CC BY-NC-SA 19.06.2026
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From (4.30) and (4.31), we see that both gp; and ¢gp2 depend on v, resulting in

dqp1 Vo n—1

vy, _4n\/¢0+vp: 2n

dqp2 _ n—10qr

ov, n vy’
since the slope factor n is defined as

T
nelp— b a0

=142
2/ Wy + Vp 2\/w0+’up
and hence
b
=n—1.

2y/v0 + vy a

The derivative of gp with respect to v, can then be written as

9qp _n—1 (1 O
8%7 n 2 Ovy )’

where dqy/0v, is given by (4.16).

The derivative of gp wrt v, is finally given by

dgg 109 n-—1 (1 8q1>

2 Oy

. 2
Ovg n vy, n

4.5 Derivative of ¢

Recalling that by charge conservation we have

qG = —4B —(q1-

Replacing ¢p by (4.31) we get

M n—1 L/
G =5 Yo +vp + L, U= (2\/¢0+Up+fﬂ)-

The derivative of gg wrt vg and vs are simply

96 _ 1 0q
8vd - n 811617
dgc _ 1 0qr
s n v

where 0qr/0vq and 0qr/0vs are given by (4.9) and (4.10), respectively.
The derivative of gg wrt v, is given by

99¢ _ %4 _Ou _ 1 (n—1 Ou
vy, dv, vy n 2 v, |’

where dqy/0v, is given by (4.16).

The derivative of gg wrt v, is finally given by

996 _ 1 (n—1_ du
dvg  n? 2 vy, |-

© C. Enz under CC BY-NC-SA
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(4.39)

(4.40)

(4.41)
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(4.44)
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5 Intrinsic capacitances

5.1 Definition

1 Note

A capacitance is controlled by the voltage across it while a transcapacitance is modelled by a
VCCS controlled by the time derivative of a voltage that is not accross the VCCS. In the following,
we will not distinguish between capacitances and transcapacitances. We will only be talking
about capacitances.

The definition of the intrinsic capacitances are given in (2.11), which is repeated below for convenience

0QK 0QK
Crkk =+——| =+ , 5.1
KK VK lop OVKB lop (5.1)
8QK 8QL
= — = — -2
CUre VL lop OVLBlop (5:2)

with K = D,G, S, B and L = D,G, S, B.

To keep the consistency with the results obtained by Bucher [5], we normalize the capacitance to
W L C,;, leading to

Ckk Oqk

A
T WL Cop "ok |op (5:3)
CkrL qxk
£ T2 4op | 4
MW LCm o, (5:4)

1 Note

Notice that the signs have changed because of the original negative normalization parameter
—2nW L C,, Ut used for the terminal charges.

1 Note

We use small letters for the normalized capacitances and their subscripts to make the notation a
bit lighter.

5.2 Charge conservation

From the charge conservation
4G =—9B —q1 = —qB —qs — 4D (5.5)

© C. Enz under CC BY-NC-SA 19.06.2026
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we can write

Jdqc 9q  9qs  Oqp

Ovg Oovg  Ovg  Ovg’
dqc dq  Oqs  Oqp

671)9 dvg vy Tvg’
dqc dqp  Oqs  Oqp

Ovg Ovs  Oug ovg’
9%9c _ _9¢ _O1s _ dap

Ovyp ov, Ovy,  Ouy

From the definitions of the normalized capacitances this translates into

Cgd = —Cbd — Csd + Cdds
—Cgg = —Cbg — Csg — Cdg;
Cgs = —Cbs T Css — Cds,

Cgb = Chp — Csbh — Cdb-
or

Cdd = Cgd + Csd + Cbd,
Cgg = Cdg + Csg + Cbgs

Css = Cds + Cys + Cps,

Cbb = Cdb + Cgb + Csp

5.3 Basic relations between capacitances

5.3.1 Bulk-gate “symmetry”

From (4.41), we have
99 _ 1 9q
Ovg n v

On the other hand from (4.33) we have

9 n—10q _ (n—1) dqa
v, n  Ovg v

By symmetry we also have
dqp dqc
— =(n—-1)—.
(9’Ud 8’Ud
This leads to the following relations between capacitances
Cpd = (n — 1) ng,

chs = (n — 1) cgs.
Similarly we also have

Cdb = (TL - 1) Cdg,
csp = (N — 1) cgq.

The derivative of gp with respect to v, can be written as

Jdqp n—l(l 8q1> n—1<1 Oqp  9Oqs

n

2 Oy

vy n

© C. Enz under CC BY-NC-SA
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(5.18)

(5.19)

(5.20)

(5.25)

19.06.2026



The Intrinsic Capacitances and Transcapacitances

This translates into a relation between cpg, cqy and csg

n—1
Chg = - (1 —cqg — Csg)-

From (3.30), it is easy to show that
Cgg = Cbg T Csg T Cdg-

Replacing cpg by (5.26) results in
1
Cog = (n— 1+ cqg + csq)-

We also can show that

We finally have the following relations

cvd = (
chs = (N — 1) cgs,
cap = (
csp = (n — 1) csg,

Chg =
Cgb = Cbg,

1
Cgg = ﬁ(n— 1+ cqg + o),

_ Cdd — Cds
Cdg = 0

Css — Csd

Cgg — ——
g n )

Cbb = Cdp T Cgb + Cgb.

5.4 Primary intrinsic capacitances

18

(5.26)

(5.27)

(5.28)

We can choose the following 6 capacitances cys, Cgs, Css, Cgds Csq and cqq as primary capacitances and
express the other 10 capacitances in terms of these 6 capacitances using (5.31) to (5.40). Additionally,
we can use the soure-drain symmetry to express cgq in terms of cys, coq in terms of cgs and cqq in terms
of cq4s by swapping ¢, and ¢4. We therefore need only to evaluate cgs, cgs and cgs which are given

below

_gs4qat2¢s+3

Cgs(QSanl)— 3 m,

s (s, Q) = — - A2 +4¢3+12qsqa+10g5 +10gq + 5

B A (qs+qa+ 1) !
n 6¢2+ 1643+ 185 g+ 155 + 25 g4 + 10

CSS(QS? Qd) I qS .

15 (QS +qa+ 1)3

© C. Enz under CC BY-NC-SA
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Cgd, Csq and cqq are then given by

Cqa(ds: 4d) = Cgs(qd, gs) (5.44)
¢sd(4s, qd) = cas(qd, qs), (5.45)
cdd(qs, qa) = Css(4d, gs)- (5.46)

We can then complete the capacitances related to the drain and source terminal charges as follows

cly = (5.47)
cap = (n — 1) cag, (5.48)
Css — Csd
Cog = 22— Csd. (5.49)
n
csp = (n— 1) cgq. (5.50)

Note that, since cqq, cqs, css and cgq are proportional to n, ¢4y and csy don’t depend on n.

We can then complete evaluating the remaining capacitances related to the gate and bulk terminal
charges as
n—1 + Cgs + ng

Cg9 = o ) (5.51)

n—1
Cbg = n (1 —cag — csg),

(5.52)

Cgb = Cby, ( )
Cpd — (n — 1) ng, (5.54)
cos = (n — 1) cgs, (5.55)
(5.56)

Chhy = Cdb + Cgp + Csp-

All the normalized capacitances are plotted below versus v, and vg.

1.0¢ : 1.0
® 09f ! ® 09f
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BO0TE ] S 07f .
S 06k S 06k o
© F © F — Cgg
O 05F O 05 .

[ gs
3 04} B 04 .
N ] N %
= 0.3} =03
£ 0.2F £ 0.2
O ql o
Al = e e ——— 2 o

0.0E  — 0.0 Lo
=20 0 20 40 60 80 100 0 10 20 30 40 50 60 70 80
v, Vy

Figure 5.1: Normalized intrinsic capacitances related to the gate terminal charge plotted versus v, and
Vg

The left plot of Figure 5.1 shows the four capacitances related to the gate terminal charge versus v, for
vg = 50. cgq Temains zero in saturation and starts to increase when leaving saturation for v, > v4. cgq
starts at (n — 1)/n = 0.23 and then increases to 2/3 + (n — 1)/(3n) = 0.74 in saturation and finally
tends to one when leaving saturation. cy, starts at zero and increases to 2/3 in strong inversion and
saturation and then decreases when leaving saturation for v, > vg to ultimately tend to 0.5. Finally,
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cgy starts at (n —1)/n = 0.23 and then decreases to (n — 1)/(3n) = 0.08 in saturation and finally
decreases to zero.

The right plot of Figure 5.1 shows the same capacitances versus vy for v, = 40. cy4q starts at 0.5 and
tends to zero in saturation for vy > v, = 40. ¢4y starts at 1 and decreases to 2/3 + (n —1)/(3n) =
0.74 in saturation. cg4, starts at 0.5 and increases to reach 2/3 in saturation. Finally cg, starts at zero
and increases to reach (n —1)/(3n) = 0.08 in saturation.

0.5 0.5
- B o4k
g 04) g 04)
© 0.3} o) 0.3}
.ES t 'ES [
8 0.2E g O‘2: — Cu
g o1 g o1 — ¢,
< 00} < 00f —
o) ; (O] ; — Cw
N 0.1} N 0.1}
g -0.2f g -0.2f
S -03f S -0.3}
z z
“04% “040""70 20 30 40 50 60 70 80

Vg

Figure 5.2: Normalized intrinsic capacitances related to the drain terminal charge plotted versus v,
and vg.

The left plot of Figure 5.2 shows the four capacitances related to the drain terminal charge versus v,
for vqg = 50. cqq remains zero in saturation and then increases when leaving saturation for v, > vg =
50. cqy starts at zero and reaches 4/15 = 0.27 in strong inversion and saturation and finally tends
to 0.5 when leaving saturation. cg4s starts at zero and becomes equal to —4n/15 = -0.35 in strong
inversion and saturation. cgj, starts at zero and then reaches 4 (n — 1)/15 = 0.08 in strong inversion
and saturation and then tends to (n — 1)/2 = 0.15 when leaving saturation.

The right plot of Figure 5.2 shows the same four capacitances versus vq for v, = 40. cqq starts at n /3=
0.43 and tends to zero in saturation. cqq starts at 0.5 and tends to 4/15 = 0.27 in saturation. cgs starts
at —n/6 = -0.22 and tends to —4n/15 = -0.35 in saturation. Finally, ¢4 starts at (n —1)/2 = 0.15
and tends to 4 (n — 1)/15 = 0.08 in saturation.
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Figure 5.3: Normalized intrinsic capacitances related to the source terminal charge plotted versus v,
and vy.
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The left plot of Figure 5.3 shows the four capacitances related to the drain terminal charge versus v,
for vg = 50. cgq remains zero in strong inversion and saturation and then tends to —n/6 = -0.22 when
leaving saturation. cg, starts at zero and reaches 2/5 = 0.40 in strong inversion and saturation. cg
starts at zero and reaches 2n/5 = 0.52 in strong inversion and saturation. cg, starts at zero and then
reaches 2 (n — 1)/5 = 0.12 in strong inversion and saturation and then tends to (n —1)/2 = 0.15 when
leaving saturation.

The right plot of Figure 5.3 shows the same four capacitances versus vq for v, = 40. cyq starts at
—n/6 = -0.22 and tends to zero in saturation. cy, starts at 0.5 and tends to 2/5 = 0.40 in saturation.
css starts at n/3 = 0.43 and tends to 2n/5 = 0.52 in saturation. Finally, cg, starts at (n —1)/2 = 0.15
and tends to 2 (n —1)/5 = 0.12 in saturation.
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Figure 5.4: Normalized intrinsic capacitances related to the bulk terminal charge plotted versus v, and
Vq.-

The left plot of Figure 5.4 shows the four capacitances related to the bulk terminal charge versus v, for
vg = 50. ¢pq remains zero in saturation and increases when leaving saturation to tend to (n —1)/2 =
0.15. cpg starts at (n—1)/n = 0.23 and decreases to (n—1)/(3n) = 0.08 in saturation to finally decrease
to zero when leaving saturation. cps starts at zero and increases to 2 (n — 1)/3 = 0.20 in saturation to
decrease to reach (n — 1)/n = 0.23. Finally, ¢y, starts at (n — 1)/n = and reaches (2n —1/n—1)/3 =
0.28 in strong inversion and saturation and then tends to n — 1 = 0.30 when leaving saturation.

The right plot of Figure 5.4 shows the same four capacitances versus vq for v, = 40. cpq starts
at (n —1)/2 = 0.15 and decreases to reach zero in saturation. ¢, starts at zero and increases to
(n—1)/(3n) = 0.08 in saturation. cps starts at (n — 1)/n = 0.23 and increases to 2 (n — 1)/3 = 0.20 in
saturation. Finally, ¢y, starts at n —1 = 0.30 and decreases to (2n —1/n —1)/3 = 0.28 in saturation.

Having all the capacitances, we now will map them into a symmetrical and convenient equivalent
small-signal circuit.
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6 Small-signal equivalent circuit
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Figure 6.1: Equivalent small-signal circuit for the charging currents [6] [7] [1]

There are many equivalent circuits that can implement the terminal charging currents Alp .., Alg,
Alg qc and Alp. In the case of the EKV model, we want to map the charging currents to the small-signal
circuit shown in Figure 6.1 [6] [7] [1], where

Iy = —Chy d‘;(;B, (6.1)
Ims = —Cins d‘c/l%’ (6.2)
Ing = —Chd d‘;%- (6.3)
The terminal charging currents are then given by
Alpac(t) = —Chd d‘;% —Cn d‘g% + Cms dZ% — Cyd d‘;% + Cha d‘;[t)Ba (6.4)
Als(t) = Cyp d‘;% ey d‘c% ey d‘g% (6.5)
Algaelt) = Cpa W08 4 0, V08 g, Ton g Do | Don (6.6)
Now
Ves = Vap — Vs, (6.7)
Vep = Ve — Vba. (6.8)
Replacing in the above equations results in
Alpaelt) = (Coa+ Cya = Orna) “ 22— (G4 Cpu) 8 4, T35, (6.9)
AIG(t) = ~Cpa TPE 1 (4 Cpa +Cp) DE8 0, D58, (6.10)
Alsac(t) = Cng d‘g% + (Cm — Cys) d‘;% + (Chs + Cys — Crns) d‘g%. (6.11)
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In order for the equivalent circuit to produce the same terminal charging currents for the same changes
in the terminal voltages, the coefficient of the terminal voltage derivatives must be equal. Equating the
coeflicients of the drain, gate and source voltage derivatives and solving for C,,, C,,s and C,,4 results
in

Con = Cag — Cia, (6.12)
Cons = —Cls, (6.13)
Cinag = —Clsq. (6.14)

Notice that the transcapacitances C,s and C,,q are actually positive since Cys and Cyq are negative.

Similarly for the source terminal current, we get

Cm = Cys — Cg, (6.15)
Cins = —Cys, (6.16)
Cia = —Csq. (6.17)

The values found for C),s and C,,,4 are identical. However the values for C,, are different. The equality
between the two expressions of C,

Con = Cag — Cga = Cys — Clg (6.18)

only holds if Cy, = Cpy which is actually the case. We can therefore state that the small-signal circuit
shown in Figure 6.1 produces the correct terminal charging currents.

We can now add the transconductances and embed them into the VCCS, giving

L, =Y, AVgs, (6.19)
Ims = Yms : AVYSBa (620)
Ima = Yma - AVpg, (6.21)
with [1]
Y =Gm —sCp =Gy (1 — 574s), (6.22)
Yins = Gims — $ Crms = Gns (1 — s 745), (6.23)
Yind = Gmd — $Cnag = Gg (1 — Squ). (6.24)

Ty4s is the quasi-static time constant which is identical for Y, Y;,s and Y;,,4 and given by [1]

C’m Cms Cmd

Tgs = G, = G = G (6.25)
The normalized quasi-static time constant can be expressed in terms of gs; and gg as [1]
Tas _ Wspee _ 1 4¢3 +4q3+12¢594+10gs +10gg +5 (6.26)
Tspee  Wgs 30 (s +qa+1)3 ’
where . 12
Tspec = ——— = (6.27)

Wspec nwUr

wgs gives an upper frequency limit for the validity of the QS model. Beyond this limit, the channel
behaves more like a non-uniform distributed transmission line and the lumped model of Figure 6.1 is
no more valid. A non-quasi-static (NQS) model is then required [6] [7] [1].

The five intrinsic capacitances of the small-signal circuit of Figure 6.1 are plotted in Figure 6.2 and the
three transcapacitances are plotted versus v, and v4 in Figure 6.4.
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Figure 6.2: Normalized intrinsic capacitances of the equivalent small-signal circuit of Figure 6.1 plotted
versus v, and vg.

The plots shown in Figure 6.2 are calculated with a constant slope factor n. This has no impact on cgs
and cg4q since they don’t depend on n. However, cg, ¢ps and cpq depend n and are therefore affected by
the variation of n with v,. This is illustrated in Figure 6.3 where the dashed lines have been calculated
accounting for the dependence of n to v,. We see some differences mainly in cgy, cps, cpg and cgg. The
differences remain small and the approximation of considering n as constant is sufficient for most
purposes.
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Figure 6.3: Normalized intrinsic capacitances of the equivalent small-signal circuit of Figure 6.1 plotted
versus v, and vy including the dependence of n with v,,.

Similarly to the capacitances, the transcapacitances are affected by a change of n with v,. Actually,

since cgs and cgg don’t depend on n, ¢, does not depend on n neither. However, ¢,,s and ¢;,q do
depend on n as shown in Figure 6.5.
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Figure 6.4: Normalized intrinsic transcapacitances of the equivalent small-signal circuit of Figure 6.1

plotted versus v, and vy.
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7 Conclusion

In this notebook we have derived the high-frequency quasi-static (QS) small-signal model of the intrinsic
part of the MOS transistor. We have started by separating the small-signal drain current between a
DC part due to the transconductances and an AC part that is due to the charging currents. We have
identified the 16 capacitances required to describe the AC small-signal charging currents and shown
that they are not all independent and that we actually only need 9 independent capacitances.

The capacitances can be evaluated from the terminal charges. We therefore have derived the four
terminal charges under QS assumption. The normalized source and drain terminal charges and the
total inversion charge in the channel only depend on ¢, and g4, while the gate and bulk terminal
charges depend on the total inversion charge and on the pinch-off voltage through the parameters -,
and 1) related to the depletion capacitance.

We then have calculated all the derivatives of the terminal charges wrt to the controling voltages that
are required for deriving the capacitances assuming that the slope factor n remains constant. We have
then expressed the derivatives of the normalized terminal charges in terms of n, ¢s and gy.

We have then used these derivatives to express the normalized intrinsic capacitances in terms of n,
gs and g4. We additionnally have derived 10 relations between the various intrinsic capacitances and
shown that we only need to know three primary intrinsic capacitances, three others can then be
expressed by using the source-drain symmetry by swapping ¢s and g4 and the other ten can then be
expressed by using the 10 capacitance relations.

Finally, we have shown that the charging currents can be mapped into an equivalent small-signal circuit
including 5 capacitances and 3 transcapacitances modelled by 3 VCCS which can then be combined
with the 3 transcondconductances to obtain the final complete QS small-signal circuit of the intrinsic
part of the transistor.
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