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This notebook presents a model of the white noise generated by the MOS transistor that is valid in all
regions of operation, from weak to strong inversion. It also describes an empirical model that accounts
for the increase of the white noise due to short-channel effects.
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1 Introduction

Noise is important for analog IC design because it represents the fundamental lower limit for signal
detection. At lower frequency, the flicker noise is dominant, particularly for advanced CMOS technolo-
gies. However, flicker noise can be reduced or even eliminated by circuit techniques such as autozero or
chopper stabilization [1]. The remaining white noise then becomes the dominant noise. This white
noise is mostly contributed by the MOS transistors. In this notebook we will model the white noise
generated by the MOS transistor in all regions of operation, from weak to strong inversion. We also
will develop a model that accounts for the increase of the white noise due to short-channel effects.

© C. Enz under CC BY-NC-SA 20.06.2026
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2 Channel thermal noise conductance

2.1 Long-channel (without VS)

The PSD of the drain current fluctuations due to thermal noise in the whole channel is obtained by
integrating along the channel resulting in [2]

Sapz = 4kT - Gy, (2.1)

where Gy, is the thermal noise conductance at the drain which is given by [3] [2]

1 r Wt
G”:ﬁ'/o W.M.(—Qi(a:))dx:u-ﬁ'/o —Qz‘(l’)'dx:%'@ﬂ, (2.2)

where it has been assumed that mobility is constant along the channel. We see that the thermal noise
PSD and conductance at the drain is proportional to the total mobile (or inversion) charge stored in
the channel

Qr=W- /OL —Qi(z) - dx. (2.3)

Note that the above result only holds for a long-channel transistor. In the case of a short-channel
device, the assumption of constant mobility does not hold anymore and a different approach is needed
[4]. This will be discussed in more details below.

At low-frequency, the drain current fluctuations due to the thermal noise generated in the channel can
therefore be modelled by a noiseless transistor and a noise current source connected between the drain
and source of the transistor as illustrated in Figure 2.1.

Noiseless AInD tot
o—]

Figure 2.1: Thermal noise modeled as a noisy current source between source and drain.

Of course the thermal noise conductance G,, depends on bias. To evaluate this bias dependence, we
start by normalizing G, to Gpec to evaluate it in terms of the normalized source and drain charges g
and gy using the charge-based model

s Gn !
m=g =/ qi(§) - d€ = ar, (2.4)
spec 0
where I
Glpec & 220 25
/4 UT ( )
with W
Ispec £ IspecD : f (26)
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and where Igpeq0 2 21 Cyy is an sSEKV parameter [5] [6].

The charge-based drain current expression is given by [2]

dg
Ispec ( 7 ) dé— ( )
where ¢; £ Q; /Qspec is the inversion charge ); normalized to Qspec L& _o2nUr C,y and € £ x/L the
distance along the channel normalized to the channel length L [2]. We can now express £ in terms of
the drain current according to

A ID
1d =

2¢; +1
de = — 12 gy, (2.8)
i
in order to perform the integration in the charge domain [2]
1 dd 1 gs
gn=q1:—f-/ qi~(2qi+1)-dqi:f~/ gi - (2qi +1) - dgi (2.9)
td qs d qd
1 4¢3 + 3q2 — 3q3 — 4q)
_ 35 50 — 945 — 444 (2.10)
id 6
_ 1 (g5 — a) (442 + 3 + 49544 + 3qa + 443) (2.11)
i 6 ‘ '

The normalized charge densities at the source g5 and at the drain gy are defined as [2]

gs = qi(€=0) = Qig - 0), (2.12)
spec

= qE=1)= Qig =L (2.13)
spec

For a long-channel transistor, the normalized drain current is obtained by integrating (2.7) in the
charge domain resulting in [2]

ia= 5 — 43 + 3¢5 — 4a = (45 — qa) (g5 + qa + 1). (2.14)
Replacing i4 from (2.14) in (2.11) and simplifying results in

_ 1 443 + 345 + 445qa + 3qa + 445

n 2.15
g 6 QS+Qd+1 ( )

Eqn. (2.15) is valid for a long-channel transistor in all modes of operation, from weak to strong
inversion and from linear to saturation. It also nicely illustrates the symmetry of the EKV model.
Indeed, the expression of g, remains unchanged when swapping ¢s; and gq.

In saturation, without accounting for velocity saturation (VS), g, is then given by replacing g4 = 0

2 gt 3/4 {%qs in strong inversion (gs > 1) (2.16)

370 Tt T 1gs in weak inversion (gs < 1).

In weak inversion, ¢s,¢q < 1 and the normalized thermal noise conductance given by (2.15) simplifies

to
~ s 1t 44

o 2.1
g 5 (2.17)

In strong inversion, ¢s, gq > 1 and the normalized thermal noise conductance given by (2.15) simplifies
to ) )
43 + 0sqa + 43

qs + qd

o~

2
9 =3 (2.18)

We now will look at the impact of short-channel effects and mainly velocity saturation on the drain
current thermal noise.

© C. Enz under CC BY-NC-SA 20.06.2026
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2.2 Short-channel (with VS)

As the drain voltage of a short-channel transistor biased in stong inversion is increased, at some point
the longitudinal electric field E, becomes equal to a critical field E. and the drift velocity at the
drain end of the channel starts to saturate. Since the drift velocity cannot increase anymore, if the
gate voltage is increased a saturation charge builds up close to the drain in order to sustain the drain
current despite the saturated velocity. The charge at the drain does not reduce to zero like it would for
a long-channel transistor where E, remains smaller than E. avoiding any VS. This larger charge at
the drain on one hand produces more noise but on the other since the mobility is strongly reduced it
impact on the drain current fluctations is mitigated. In reality, there are many short-channel effects
that influence the thermal noise as discussed in [4] [7]. In this notebook, we only will consider the
effect of VS, ignoring the others. This will allow us to derive a simple empirical model which is very
useful for circuit design. A similar approach was already sketched in [8] [7].

In order to obtain an expression valid in all regions of operation, we can proceed in the same way
as for deriving the drain current. To obtain an expression of the drain current valid in all regions of
operation, we can account for the effect of velocity saturation in strong inversion by replacing qg by
dd.,, in the strong inversion part of the current expression and neglecting gq compared to g5 in the
weak inversion part. This allows to have the correct long-channel expression in weak inversion which is
not affected by VS. This results in

idaar = 45 = Gadyur T+ s> (2.19)

where gq,,, is the normalized charge that is imposed at the drain because of VS. It depends on g5 and
therefore the gate voltage according to

1 [ A (q2 + QS)
Qdowe = — - |1+ A2 (¢2+¢qs) — 1| = & : 2.20
A ViR e) L+ I+ 26+ g0) (2:20)
Proceeding in the same way for the thermal noise conductance, we replace gq by gq,,, in the part

4(q¢2 — q3) = 4(¢2 — q3,,,) corresponding to strong inversion in (2.11) and neglecting gq in the part
3(¢2 — ¢3) = 3¢2 corresponding to weak inversion in (2.11). This leads to

1 . 4q§’ - 4q35at + 3q€2,

= 2.21
Insat Z‘dsat 6 ( )
Replacing i4,,, in (2.21) by (2.19) results in
1 4q§’ — 4q§5a .+ 3q§
Insat = 7 ° 2 2 . (222)
6 ¢5—ag,, +3s

sat

Eqn. (2.22) gives the correct asymptote ¢s/2 in weak inversion. However the asymptote in strong
inversion is (1 — A./4) ¢s instead of ¢s. We can modify (2.22) slightly to get the correct asymptotes in
both weak and strong inversion according to

gnsat -

1 A(gF + 05 Ydae + 43,,,) T 345 (2.23)
6 qS + stat + 1 ' .
The normalized thermal noise conductance in strong inversion and saturation including VS simplifies

to
~ 2 @5+ dsGd,,, + dgasat®

Gy 2.24
freat 3 QS + quat ( )
where qq,,, is given by (2.20).
In very strong inversion under heavy VS (A.gs > 1), qq.,, tends to gs and (2.24) reduces to

gnsat = qs for ds > 1. (225)

© C. Enz under CC BY-NC-SA 20.06.2026
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3 Thermal noise parameter 9,

3.1 Definition

Several thermal noise factors can be defined according to the definitions introduced initially by van der
Ziel [9]. The thermal noise parameter (TNP) oy, is defined as [7] [2] [10]

G g
5, & o In | 3.1
Gdso 9dso ( )

where G5, is the drain-to-source conductance at Vpg = 0 and gg4s, its normalized form

= 9md = Yms = (s,

where gn,,s and g,,q4 are the normalized source and drain transconductances defined by

s Gms = 0Oig  0ig 0gs
Ims = Gopee . O0s  Bgs B0y’ (3.3)
s Gma _ Oia _ 0Ol Oda
B Gspec B 8Ud B 8Qd 8Ud7

7y Gm . iq _ 9ms — 9md

Gspee Vg n

9md (34)

Im (3.5)

I Important

The 6, parameter shows how much the thermal noise of the active device deviates from the value
it takes when it operates as a passive resistor of conductance Gyg,.

Since in the linear region (i.e. for Vpg = 0) the noise conductance G,, is equal to the channel conductance
Gso, the noise parameter §,, is then equal to unity. In saturation, ¢, is equal to

5 é gnsat — gnsat (36)

where ¢y, and g,,, are the values of the thermal conductance in saturation.

1 Note

Note that Van der Ziel initially used «y for the thermal noise parameter defined by (3.1) and «
for the noise excess factor defined by (4.1) [9]. The most important noise excess factor from a
circuit design point of view is the one given by (4.1), which has been called v in many other
circuit related paper instead of « as it was defined initially by Van der Ziel in [9]. We will keep
the circuit design definition of ~,, and rename the original Van der Ziel’s vy as §,,.

© C. Enz under CC BY-NC-SA 20.06.2026
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3.2 Long-channel (without VS)

Since ggso = ¢s, the thermal noise parameter J,, is given by

gn _ 1 443 +3qs +4qs9a + 3qa + 443

oy & , 3.7
gaso 6 qs(qs +qa +1) (37
which has the following asymptotes
1 in the linear region (¢s = qq)
5y, = {5 1 dgei3 _ B ) (3.8)
neat = 5 g1 In saturation (gs > qq).
In saturation without VS we have
5 1 4g,+3 [2 instrong inversion (gs; > 1) (3.9)
Meet TG g+ 1 3 in weak inversion (gs; < 1). '
In strong inversion, g, can be approximated by (2.18) leading to
o2 GAagsqata 2 (g4/4s)?
Spqony & = - LTI _ 2y dE] (3.10)
3 gs(gs+a) 3 1+ qa/qs

~

For a long-channel transistor in saturation, ¢ = 0 when vq = v, and J(gy) %

3.3 Short-channel (with VS)

The thermal noise parameter is plotted versus vy in Figure 3.1. For a long channel transistor biased
in strong inversion (v, = 40 in Figure 3.1), J,, ranges from 1 when vy = 0 to 2/3 when ¢4 = 0 as
vg = vp. When VS is included, gq cannot go to zero and is clamped at ¢q,,, as vq = vq,,,. On is then
also clamped to the value it takes for vg = vq,,, Or ¢4 = qd.,,-

1.0
6nsat=0'9 """" L
I TN~
0.8 T R S
I N
2/3femmmeee O AR i L S
06 i
L I
I’O: 3 i Vp= 40
0.4 | Ve
1| g,= 19
[ A,=02
! = 14.7
02+F 1| Qasat
i Vysat = 8.0 --=- without VS
[ I [ Onsar= 0-9 — with VS
0.0 L 1 T T T T T 1 L L L L 1 L L L L
0 10 20 30 40
Vgsat = 8.0 Vd

Figure 3.1: Thermal noise parameter §, versus drain voltage vy with and without VS.

We can obtain the value of ¢, in saturation including the effect of VS from (2.23)

4(q3 + qs Qduuy +93,,,) + 345
qs(qs + stat + 1)

1
5nsat = gnsat = 6 :

, 3.11
m (3.11)

© C. Enz under CC BY-NC-SA 20.06.2026
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where ¢4, is given by (2.20).

In weak inversion, ¢; < 1 and (3.11) reduces to 1/2 as expected, because VS has no impact in weak
inversion.

For a short-channel transistor in strong inversion including VS, (3.11) reduces to

~ g . qg + qsquat + q(%sat _ g . 1 (quat/QS)Q (3 12)
Msat(ST) 3 qs + .., 3 1+ quait /qs . .
As shown below, in strong inversion (gs > 1), qq,,, tends to gs
Qd.,, = qs for gs > 1, (3.13)

and hence Inearsry I strong inversion with VS also tends to ¢s and therefore d,,,, tends to unity.

The thermal noise parameters in saturation is plotted versus the inversion coefficient IC' in Figure 3.2
for different values of A\.. We see that for A, = 0.5, d,,,,, tends to unity for IC' > 1.

1.0
0.8/ — A,= 0.00
[ —— A= 0.03
o6l A= 0.05
5 L A= 0.10
o A= 0.20
0.4 A,= 0.30
A= 0.40
0.2+ —— A,= 050

0.0 -_ 1 nnnnl_ 1 sl Lo gl Lo gl AR T

107 10" 10° 10" 10° 10°

Inversion Coefficient IC

Figure 3.2: Thermal noise parameter d,,,, versus inversion coefficient /C including short-channel
effects.

© C. Enz under CC BY-NC-SA 20.06.2026
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4 Thermal noise excess factor v,

4.1 Definition

Note that the §,, thermal noise parameter compares the thermal noise conductance evaluated at a
given operating point to that of the MOSFET when it is biased as resistor with Vpg = 0 having a
condcutance Gggo. This is not very usefull for circuit design and is mostly used for modeling comparing
the actual noise to the noise produced by a resistor having a conductance G gs,. For circuit design, it is

more useful to define another figure-of-merit v, named the thermal noise excess factor (TNEF) and
defined as [7] [2] [10]

A Gn dn
ez _ 9n| 4.1
"G . (4.1)

where g, is the normalized gate transconductance defined by (3.5).

! The TNEF +, as a figure-of-merit (FoM)

The TNEF -+, represents how much noise is generated in the drain current for a given transcon-
ductance.

Contrary to the TNP §,,, the noise conductance and the gate transconductance used in the definition
(4.1) are evaluated at the same operating point. -y, has a direct impact on the noise performance of
circuits. The smaller ,, the better the noise performance of the circuit.

1 TNEF ~, in the linear region

Note that -, can become quite large when the device operates in the linear region, i.e. for
Vps < Vp—Vs = (Vg—Vrg)/n—Vs. Indeed, in this region, the gate transconductance gets smaller
as the drain voltage decreases, but the thermal noise conductance does not decrease, resulting
in a degradation of the TNEF ~,,. At the limit when Vpg becomes zero, the transconductance
becomes zero and 7, tends to infinity. In practice, the TNEF ~,, is mostly used for transistors
biased in saturation.

The TNP 9, and the TNEF ~,, are related by

Gn Gdsa Gdso Gdso 9dso
= . =4, =0 N = =0p N —— 4.2
T Gdso Gm " Gm " Gms - Gmd " 9Ims — 9md ( )
which in saturation reduces to
Pynsat = gnsat =n- gnsat J (43)
gmsat ng
4.2 Long-channel (without VS)
In saturation without VS, ¢4 = 0 and g¢,,,, and g,_,, reduce to
2 g¢s+3/4
Mg — L 4.4
gnsat qs 3 qs + 1 ) ( )
Ims ~ 4
gmsat = :LLS = ES (45)

© C. Enz under CC BY-NC-SA 20.06.2026
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The TNEF in saturation ~,,,, in then given by
~2n g +3/4 {2; in strong inversion (gs > 1) (4.6)

Tt =3 g 1 in weak inversion (g5 < 1).

n
2
The thermal noise excess factor for a long-channel transistor is plotted versus the inversion coefficient
in Figure 4.1. The red curve assumes that the slope factor is constant, which is not exactly the case as
shown by the blue dashed line. However, we will consider that n remains constant and independent of
the inversion coefficient.

10k v, =2n,/3=0.93

% 0.6 [ v,=n,/2=0.70 Vy2T/\/ Uy = 5.0
S [ W2 W,/Ur= 387
: ny=1.40

041
0.2 — cConstantn=n,=1.4

[ =-=-- Accounting for variation of n with /C

0.0 -_ P ||||n|_ P ||||n|_ X sl 1 AR RIT!
10° 10% 100 10° 10" 10° 10°
Inversion Coefficient

Figure 4.1: Thermal noise excess parameter -, versus inversion coefficient IC.

4.3 Short-channel (with VS)

For short-channel devices in saturation, we need to account for VS

Vgay = 22 = et (4.7)

gmsat gmssat

where the thermal noise conductance gy,,, is given by (2.23) and the normalized source transconductance
in saturation gms,,, and accounting for VS is given by

ds
= . 4.8
gmssat \/1 ¥ )\g (qz T qs) ( )

The thermal noise excess factor in saturation is plotted version the inversion coefficient and represented
by circles in Figure 4.2 for different values of A.. We see that ~,,,, increases dramatically with IC
for A. = 0.3. Note that this happens for advanced technologies for which it becomes more an more
difficult to reach inversion coefficient as high as 100 because of voltage scaling. So the TNEF increases
to about 3.5 for /C' = 40 which is consistent with measurements shown below.

The TNEF is plotted with a linear x-axis for the same values of A, in Figure 4.3 which highlights that
Ynea, actually increases linearly with IC in strong inversion. This is discussed in more details below.

© C. Enz under CC BY-NC-SA 20.06.2026
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[ )

[ ]

[ )
0-_ X X nnnnnl_ X ol X X sl X L
1072 107 10° 10" 10°

Inversion Coefficient IC

A,= 0.00 (model)

—— A= 0.00 (approx.)

A;= 0.10 (model)

—— A,= 0.10 (approx.)

A;= 0.15 (model)
A,= 0.15 (approx.)
A;= 0.20 (model)
A.= 0.20 (approx.)
A,= 0.25 (model)

—— A,= 0.25 (approx.)

14

Figure 4.2: Thermal noise excess factor +,,_,, versus inversion coefficient /C' including short-channel

effects.

0 20 40 60 _ 80 100
Inversion Coefficient IC

A;= 0.00 (model)

—— A,= 0.00 (approx.)

A;= 0.10 (model)

—— A= 0.10 (approx.)

A,= 0.15 (model)
A,= 0.15 (approx.)
A,= 0.20 (model)
A,= 0.20 (approx.)
A= 0.25 (model)

—— A,= 0.25 (approx.)

Figure 4.3: Thermal noise excess factor ~,,,, versus inversion coefficient /C' including short-channel

effects.
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4.4 Strong inversion approximation

In strong inversion and saturation g¢y,,, and gn,,, can be approximated by

o =2 @2 + 4s qa.,, + 4qasat® W)
Nsat 3 qs + quat 9 .

gmsat = Jms = gs (410)

no ny/1+ (Acgs)?

In very strong inversion under heavy VS, i.e. for A.¢s > 1, (4.9) tend to

gnsat = ds, (4]‘1)
1
= —. 4.12
gmsat n )\c ( )
The thermal noise excess factor in very strong inversion and under heavy VS has the following asymptote
for Aegs > 1
Vnsar =1 A" Gs- (4.13)

We can also express this asymptote in terms of the inversion coefficient IC. Indeed, for 1 < A.gs, iq,,,
simplifies to iq4,,, = IC = 2qs/A.. Hence qs = A\¢/2-i4,,, = A\¢/2-IC. Therefore in very strong inversion
under heavy VS, as illustrated in Figure 4.3, the TNEF becomes proportional to IC according to

sat

s 22 g A2 0. (4.14)

4.5 Weak inversion approximation

In weak inversion ¢; < 1 and ¢s < 1 and g,, simplifies to

gn = as —g 1 (weak inversion) (4.15)
which in saturation ¢; < ¢s < 1 simplifies to
[ % (weak inversion and saturation). (4.16)
On the other hand g,_,, is given by
~ Imssa 4
gmsat = m{:)} - = i (417)

The thermal noise excess factor is therefore constant and equal to

Vroar = (weak inversion and saturation). (4.18)

n
2
4.6 Approximation valid from weak to strong inversion

The TNEF can be approximated by

~ 3
PYTlsat = Pynsat’no VS : (1 + Z ’ )\z ' IC) ? (419)

where
’Ynsat ‘no VS =n: 5nsat7 (420)

© C. Enz under CC BY-NC-SA 20.06.2026
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with 0p,,, given by (3.11). Eqn. (4.19) has the correct asymptotes, because in weak inversion

3.X2.1C < 1 and hence
n
’Ynsat = ’Ynsat’no VS = 5 (421)

On the other hand, in strong inversion 1 < % - A2 IC, resulting in

3 2n 3 n
Vw2 %mynovs.z-xg-m: 5 Z-AE-IC: 5-)\2-]0. (4.22)

Eqn. (4.19) is plotted in Figure 4.2 and Figure 4.3 (represented by lines) and compared to the results
from the full expression (represented by circles). We see a very good fit between the approximation
(4.19) (lines) and the full expression (4.7) (symbols).

© C. Enz under CC BY-NC-SA 20.06.2026
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5 Comparison with measurements

In this section, we will compare the simple model of the thermal noise excess factor in saturation y,,,
given by (4.19) with measurements made on different devices from various technologies [11], [12]. The
slope factor is imposed and the VS parameter ). is extracted using simple curve fitting. The results
are presented in Figure 5.1. The fit is OK for the 240nm, 180nm and 40nm technologies but there are
some discrepancies at low IC for the 120nm and 100nm technologies. However, we have to remember
that the model only uses a single parameter namely the VS parameter A..

3.5¢

30k > 240 nm (meas.)
r —— 240 nm (model with n=1.30, A,=0.14)

25F < 180 nm (meas.)
—— 180 nm (model with n=1.30, A, =0.17)

3 20¢ ¥ 120 nm (meas.)
f 15 —— 120 nm (model with n=1.30, A,=0.25)

(

A 100 nm (meas.)

—— 100 nm (model with n=1.30, A,=0.27)
® 40 nm (meas.)

—— 40 nm (model with n=1.45, A, =0.32)

"0 10 20 30 40 50 60 70 80 90 100
Inversion Coefficient IC

Figure 5.1: Experimental validation of simple TNEF model.

Since the discrepancy appears at low IC, we can modify the model making the value of ~, in weak
inversion, which is normally equal to n/2, a fitting parameter. The proposed empirical model is then
given by [13]

Vnear = Ynwi - (1 + ay - IC). (5.1)
From the asymptotic behavior in strong inversion given by (4.14), «a,, should be equal to

n

_ n
2 Ynwi

.)\ggz

A2, (5.2)

(679

However, we now will use it as an independent fitting parameter.

The empirical model (5.1) is compared to the same measured data in Figure 5.2 after extraction of
parameters Ynw; and o, by curve fitting. We now see a very good agreement between the simple
empirical model (5.1) and the measured data. We can observe that the fitting parameter 7,,,; is getting
larger than the theoretical value n/2. However it remains close to one.

We can extract the corresponding VS parameter from (5.2) resulting in

2nwi n 2 n
)\C:\/Mg\/ I (5.3)

n n

The fitting parameters ~,.; and ay,, the imposed slope factor n and the corresponding extracted value
of A, are presented in Table 5.1. Figure 5.3 shows that v, is scaling as /1/L.

© C. Enz under CC BY-NC-SA 20.06.2026
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0 10 20 30 40 50 60 70 80 90 100
Inversion Coefficient IC

Figure 5.2: Experimental validation of the TNEF empirical model.

240 nm (meas.)
240 nm (model with n=1.30, vy,,,=0.84, a,=1.38e-02)
180 nm (meas.)
180 nm (model with n=1.30, y,,,;,=0.95, a,=1.77e-02)
120 nm (meas.)
120 nm (model with n=1.30, y,,,,=1.26, a,=2.17e-02)
100 nm (meas.)
100 nm (model with n=1.30, y,,,,=1.27, a, =2.59e-02)
40 nm (meas.)
40 nm (model with n=1.45,y, ,=1.01, a,=6.79e-02)

Table 5.1: Fitting parameters.

Techno  Ynwi Qy, n A
240nm 0.837 0.0138 1.3 0.133
180nm 0.952 0.0177 1.3 0.161
120nm 1.261 0.0217 1.3 0.205
100nm 1.266 0.0259 1.3 0.225
40nm  1.005 0.0679 1.45 0.307
0.07
E Vnsa,EVnwi(1+anIC)
0'06;_ where
r|a,=a,/L
0.05 [ with
[| a,=2.723 nm
:0.042—
S -
0.03F
0.02F o
H °
0_01:_ ® Measurements
r —— Linear fit

08000 0005 0010 0015 0.020 0.025 0.030

Figure 5.3: Scaling of the «a,, parameter with 1/L.
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6 Application to LNA design

6.1 Input-referred thermal noise resistance

The input-referred thermal noise resistance is defined as

R, & Jnse (6.1)
gmsat
and its normalized form is given by
A o Fynsat
Tn = Gspec ‘R, = —*. (62)
gmsat

Without VS, 7y,,, remains constant and g,,,, increases proportionally to the inversion coefficient IC
in weak inversion and then as v/IC' in strong inversion. Therefore, the term 7,.,,/gm.., decreases
with respect to IC improving the noise performance. When VS is present, ~,,,, depends on IC and
increases as «a;, - [C' in strong inversion and saturation whereas g,,_,, saturates to its maximum value
Gapee/(nAe). The vn,.,/Gm.., ratio therefore increases now in strong inversion and saturation. The
normalized 7y, /9m.,, ratio is then given by

/ynsat ~ n 2 n2 3 . .
rnzizi')\c'lC-nAC:?‘/\c‘IC in SI and sat. with VS. (6.3)
gmsat

In weak inversion the situation is different since vy, = Ynwi = 1 and g, < IC. The term ~,.,, /9m...
is now decreasing as 1/IC' in weak inversion and saturation. In normalized form this gives

,Ynsat n n .
= Msat o~ f— = — WI and sat. 6.4
T o nwi © g c =10 in and sa (6.4)

This means that there is an optimum value of IC for which the term ~,,_,, /gm.., reaches a minimum.
An approximation of this optimum inversion coefficient is found by equating the two asymptotes and
solving for IC'. This results in

2
TR

C

IC,p (6.5)

Note that this optimum IC only depends on A. according to (6.5) and is often in the upper side of
moderate inversion.

The normalized input-referred thermal noise resistance r,, in saturation is plotted versus the inversion
coefficient IC for a 40nm transistor in Figure 6.1.

For a common-source low-noise amplifier (LNA) at RF we need to add the transistor gate resistance
R to the input-referred thermal noise resistance according to

R, >~ " 4 Re. (6.6)
Although this gate resistance is usually small, it plays a fundamental role for noise at RF particularly

in advanced CMOS technologies for which it has significantly increased after the the introduction of
high-K dieletric and metal gates.
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2
10
---- Sl asymptote
—-—  WI asymptote
— r, (insat.)
] 1
g 10
(&)
\w
3
S
] oY O NP S
= 10°F ~ i
[ _ 1 ’
ICOpt— 8.913 \,\ ! ,/ n= 1.45
IC,pr = 6.906 (approx.) oA A= 0.31
Fomin™ 1.178 Al Vo= 1.01
-1 — — o A —.
10 3

102 100 10° 10 10° 10
Inversion coefficient IC

Figure 6.1: Normalized input-referred thermal noise resistance versus IC including VS.

The input-referred noise resistance R,, has been measured on an RF transistor from a 40nm bulk
CMOS technology at 10 and 14 GHz [12]. The measured R,, normalized to Zy = 502 are plotted in
Figure 6.2 versus the inversion coefficient /C' and compared to the analytical model taking the values
of Ynhwi and «y, extracted above for the same 40nm device. The good match between the model and
the experimental data validates this simple model. The optimum inversion coefficient for which R, is
minimum is about equal to 10.

127
1.0}
[ lpeo= 1.9 MA
Gipeo = 73.3 MANV
08¢ Rs= 420
T | Z,=50Q
- 0
N: 0.6} n= 145
Ve [ A = 0.31
[ Ywi= 1.01
041 a, = 0.068
I O Meas. at 10GHz | [ IC,, = 8.913
0.2 O Meas. at 14GHz
[ —— Model
-1 0 1 2
10 10 10 10

Inversion Coefficient IC

Figure 6.2: Measured input-referred noise resistance versus IC.

6.2 Minimum noise figure

It can be shown that the minimum noise factor accounting for the effects of the gate resistance and the
induced-gate noise (but without the correlation) is given by [2]

Foin = 1+2MUJCGS vVag + by, (6.7)

Msat
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where Cgg is the gate-to-source capacitance, b, = 2/(5n?) and «ag is the thermal noise contribution of
the gate resistance normalized to that of the channel

A RG

= — . 6.8
fynsat /gmsat ( )

aG
The minimum noise figure N Fj,,;, has been measured on the same device at 10 GHz and 14 GHz and
is plotted versus the inversion coefficient in Figure 6.3. The minimum noise figure N Fj,;,, is sensitive
to many parameters and it is therefore not that easy to get a simple but accurate model. We can
consider therefore that the match between the experimental data and the simple model is acceptable
accounting for the simplicity of the proposed model. The optimum inversion coefficient providing the
minimum N Fj,,;, is again close 10.

1.0
0.8 lpoo= 1.9 MA
= ! Gipeo = 733 MANV
i Rs= 420
o, 067 Ces= 73 fF
S . n= 1.45
€ 1 A= 0.31
% 045 Y= 1.01
O Meas. at 10GHz a,= 0.068
02k O Meas. at 14GHz IC,pi= 8.913
"L —— Model at 10GHz
| —— Model at 14GHz
0.0 —— ol ] e
-1 0 1 2
10 10 10 10

Inversion Coefficient IC

Figure 6.3: Minimum noise figure measured at 10 and 14 GHz versus IC.
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7 Conclusion

This notebook has presented a simple model of the thermal noise of short-channel transistors. It has
been shown that the thermal noise excess factor in saturation accounting for short-channel effects
(actually velocity saturation) actually increases proportionnally to the inversion coefficient IC' in strong
inversion while the impact of velocity saturation in weak inversion remains negligible. The proposed
model has been validated with experimental data from various CMOS bulk technologies down to
40nm. The model shows that the input-referred thermal noise resistance of a common-source transistor
shows a minimum in the upper side of moderate inversion. The input-referred noise resistance of
a common-source transistor has been measured at 10 and 14 GHz and confirms the existence of a
minimum. The model including an additional gate resistance matches the measured input-referred
noise resistance very well. A model of the minimum noise figure has been proposed and has been
successfully compared to measurements made at 10 and 14 GHz. The proposed model is simple enough
for correctly choosing the best operating point choosing the optimum inversion coefficient providing a
minimum input-referred noise resistance and minimum noise figure.
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